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Preface 


This book is intended for students and professionals who need to solve 
integrals or like to solve integrals and want to learn more about the 
various methods on how to do that. Readers will find here techniques 
of integration which are not found in standard calculus and advanced 
calculus books. 


Undergraduate and graduate students whose studies include mathematical 
analysis or mathematical physics will strongly benefit from this material. 
Moreover, many items, examples and problems discussed here can be 
used in student projects and student research. 


Students training for mathematical competitions (like the MIT integration 
bee) will find here many useful techniques and examples. 


The book will be quite helpful to mathematicians involved in research 
and teaching in areas related to calculus, advanced calculus and real 
analysis. Examples from the book can be used in classwork or for home 
assignments. This way the book can be a helpful supplement to calculus 
and advanced calculus courses. 


The reader will see how Parseval’s theorem for Fourier series and for 
Fourier and Laplace transforms efficiently work for solving integrals. 


Among other things the book contains solutions to about twenty problems 
from the American Mathematical Monthly, the College Mathematics 
Journal, the Mathematics Magazine, and the Fibonacci Quarterly. All 
these solutions were found by the author and submitted to the journals. 
They may differ from the published solutions. Throughout the book 
“Monthly Problem” means a problem from the American Mathematical 
Monthly. 


The content is organized in five chapters. In the first chapter the reader 
will see the classical substitutions of Abel and Euler which are missing 
from standard calculus books. The important theorem of Chebyshev on 
the differential binomial is also found there. At the end of Chapter 1 there 
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is a special bonus — the Gauss formula for the Arithmetic-Geometric 
Mean proved with the help of a special trigonometric substitution. 


The second and the third chapters provide two efficient techniques for 
solving definite integrals. The second chapter is focused on differentiation 
with respect to a suitably introduced parameter in the integral. This 
method is illustrated by numerous examples. In some cases this method 
is combined with differential equations. 


At the end of Chapter 2 there is another bonus for the reader — examples 
of integrals which help to solve the famous Basel problem, the evaluation 


of the series (2) =14+1/27+1/3 +... . 


In the third chapter we present various important integrals evaluated by 
using Fourier series in combination with the logarithmic series. The 
examples include log-gamma, log-sine, and log-cosine integrals. At the 
end of this chapter we prove a special Binet type formula for the log- 
gamma function InI(z). 


The fourth chapter deals with an unusual but powerful technique — 
evaluation of integrals by using Laplace and Fourier transforms. Here 
we demonstrate the efficiency of Parseval’s theorem applied to these 
transforms. Some important hard integrals involving the Gamma function 
can be evaluated with the help of Parseval’s formula and the exponential 
polynomials. 


The fourth chapter also presents a special bonus for the reader. We give a 
new proof of the functional equation of the Riemann zeta function ¢(s) . 


The proof is based on two special integrals. This is followed by a proof 
of the famous Euler formula relating the values ¢(2n) to the Bernoulli 


numbers 


C)"'@ny 


$2) =O)! 


B,,(n=1, 2,...). 


In the fifth chapter the reader will see several special formulas (Frullani’s 
formula, Poisson’s integral formula and a special formula discovered by 
the author) which produce immediate results even with some very tough 
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integrals. In that chapter we also show how some challenging series can 
be evaluated by using integrals. 


The fifth chapter has a section dedicated to power series with harmonic 
and skew-harmonic numbers where special integration is also needed. 


Appendix A represents a list of about 330 integrals solved in the book. 


The reader will find proofs for many integrals from the popular reference 
tables of Gradshteyn and Ryzhik [25] and Prudnikov, Brychkov, Marichev 
[43] (see also [35]). There is a minimal overlap if any with the books of 
Boros and Moll [7] and Nahin [37]. 


Together with many classical formulas the book presents also some new 
results not published before. 


Here at the end I want to express my gratitude to my wife Irina 
Boyadzhiev for her indispensable help in putting the book together. 
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Chapter 1 


Special Substitutions 


1.1 Introduction 


A very efficient method for solving integrals is using a substitution. 
That is, replacing the original variable by a new variable which helps 
simplify the integral. Most calculus textbooks, however, use only the 
“u-substitution” and the standard trigonometric substitutions. For example, 
the integral 


[G6 +x) dx 


can be solved immediately with the w-substitution uw = 5 + x. 
The integral 


[v3-7 dx 


can be solved quickly with the trigonometric substitution x = V3sind. In 
many important cases, however, the u-substitution and the trigonometric 
substitutions do not help. For example, the integral 


f dx 
(x+3){3x—x? -2 


is difficult to solve with only these two substitutions. The natural way 
to solve this integral is by the second Euler substitution (see below 
Example 1.2.2). Unfortunately, many tools of classical analysis are not 
present in standard calculus books. The purpose of this chapter is to fill 
part of this gap by reviving several classical substitutions. 
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We also demonstrate that in certain cases the hyperbolic substitutions are 
more efficient than the trigonometric substitutions. 


Further, in Section 1.7 we present a very special substitution which helps 
to prove the Gauss formula for the Arithmetic-Geometric Mean of two 
positive numbers. 


The uw-substitution and the simple trigonometric substitutions are 
prerequisites for this chapter (and the entire book) as well as the 
integration by parts formula 


| fg =f -| sof 


and for definite integrals 


[ fas = fel! -[ ear 


where a or b, or both can be +o. 


1.2 Euler Substitutions 


Euler’s substitutions are used mostly for solving indefinite integrals of 
the form 


(1.1) [R(xJax? + 5x40) ax 


by “removing” the radical. There are three specific substitutions 
suggested by Euler. In each one of them the idea is to eliminate the term 


with x°. We assume that a#0 and that the polynomial ax* + bx+c is 
not negative, i.e. the graph of the parabola y = ax’ + bx +c is not entirely 


under the x-axis (so that the radical “ is defined at least on some 


interval). Note that when b=0 the radical can be removed by a 
trigonometric or hyperbolic substitution (Section 1.5). 
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1.2.1 First Euler substitution 


When a> 0 we introduce a new variable ¢ by setting 
(1.2) xVa+t=Jax’ +bxt+c. 
Squaring both sides in this equation we get 

ax’ +2xtVa +? =ax’ +bx+c 
so that the term ax’ cancels out. Solving for x we write 


t—-ce 


x =———=. 
b-2tJa 
This way the integral takes the form 
(1.3) | O(t)dt 


where Q(f) is a rational function. In general, this integral can be solved 
by partial fractions. At the end we return to the original variable by 


setting 
baa] axe +bx+c —xJa. 


1.2.2 Second Euler substitution 


Suppose the polynomial ax° +bx+c has two different real roots H#N 
so that 


ax’ +bx+c=a(x—n)(x-n). 
We set 


(1.4) Jax +bx+c=(x-n)t 


(either one of the roots can be used). This yields 
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a(x~H)X~H)=(x-Hyt 
a(x—1)=(x-n)e 


2 
hit -nn, 


f =a 


and again the integral (1.1) is reduced to the form (1.3). 


1.2.3. Third Euler substitution 


The third Euler substitution can be used when c > 0. In this case we set 


(1.5) Jax? +bxt+c=xtt+Ve. 
This yields 
ax’ +bx+c=x't? +2xtJe+c 


ax+b=xt? + 2tJe 


b—2tJe 
x =———_ 


f =e 


leading again to (1.3). 


Remark. The first two Euler substitutions are sufficient to cover all 


possible cases. If a<0 then the polynomial ax’+bx+c has two 
different real roots (the parabola y=ax° +bx+c opens down and is not 
under the x-axis). Nevertheless, the third Euler substitution is useful 
because it sometimes requires less computations. 


Example 1.2.1 


We will evaluate the integral 
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— 
Vx t+x41 


by the first Euler substitution. Therefore, we set 


Vx txt+l=x4t. 


(1.6) 


Then 
x ¢etlax 42247 


xt+1l=2xt+ 


_24¢-0 -) 
~ = 34) 


2 
tee a eel. 


1-21 


=~In|1-2t|+C 


i dx =2/ dt 
Vx 4x41 1-2 
=—-In|1+2x-2Vx? +x4+1|+C 
=—In(2Vx? +x4+1-1-2x)+C. 


Example 1.2.2 


Now consider the integral 


dx 
1.7 F(x)= 
oe " Le 


for 1<x<2. We shall use the second Euler substitution. 
Since 3x—x* —2=(2—x)(x—1) we set 
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4 3x—x° -2 =t(x-1). 
This yields 


C=n@—)er GIP 


2-427 (=1) 
P+2 , 2 _ |2=x 
Pal (P+1yP z=1 


dt 


| ae = 2/— pata =)+c 
(x+3)f3x—x? —2 41° +5 5 V5 


= Fpevin| =) .c 


Of course, this integral can be solved with the second Euler substitution 
in the form 
af 3x—x° -2 =t(2—-x). 


Example 1.2.3 


Using again the second Euler substitution we will solve the integral 


ax 
(1.8) ———____, 
te: +6x+8 


Here we write 


af x? +6x+8 =4/(x+4)(x + 2) =t(x+ 2) 


(x+4)(x+2)=2° (t+ 2) 
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2 
pA=P Go), ge" , a= aM at 
t-1 (t -1) 


And since 


x7 +6xt+8= a 
t-l 


we have 


t—/2 


dx dt 1 
J J : t+J2 


= = In 
xVx7+6x+8 r-2 22 
fi + 6x48 — V2(x+2)] 


“a pe 6x48 4420+2)| 


+C 


Example 1.2.4 


In this example we give our solution to Problem 11457 of the American 
Mathematical Monthly (October 2009). In this solution we will use the 
second Euler substitution. 

Let 0<a<b. The problem is to evaluate the integral 


b 
 — J arccos dr. 


Vax+bx—ab 


First we assume that 0<a and factor out a from the radical to get 


b 
J = | arccos sa dx . 
A Vx/at+bx/a—bla 


Next we make the substitution x— ax and set 2=b/a. The integral 
takes the form 
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a 
x 
J= al arccos ————————— dix . 
0 


VxtAx-2 


This integral is easier to manipulate. Integration by parts gives 


zi j d aroos x Je 
S| —- a x SS | 
VX+Ax-A|, OF VxtAx-A 


The first term is zero, as arccos(1) =0. Differentiating and simplifying 
inside the integral we find 


J = ax arccos 


4 (Ax+x—-2A)x ie 
24 Aaxtx-AJA—x(x-N 


It is convenient now to split this into two integrals writing first 


AX+x-2A=(Ax+x-A)- 


_ ay x d ad 
5 een -~ 7 a x(x —1) “ 


We will solve both integrals with the second Euler substitution 


(A -—x)\(x-1l) =(x-Dt. 


This way 
Ate _ 2t(1-A) 
ler * (er a 
eA ° Att 
J= al = ad| as 2 
qsP* ple AS ee) 


Simple evaluation by using partial fractions provides 


maa na(A-ly 
Atl 4A+1) 


Ta 
J=—Gs)-= 
re ) 
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Replacing 2 =b/a we finally write the solution 


x ee Or 
Vax +bx—ab A(b+a) ~ 


In particular, setting a— 0 we find 


7 x mb 
[arccos fea =—_., 
b 4 


Problem for the reader: Solve this last integral independently by first 
using the substitution x = 5? and then integrating by parts. 


b 
(1.9) [arccos 


Example 1.2.5 


Here the third Euler substitution will be used for the integral 


dx 
eae 
So we set 
V1—2x—x? =xt+1 
1-2x—-x? =x??? +2xt +1 


_ -2(t+1) ye Ot + At -2 
Pat * @ 41 


z_1-2t-# 


1-2x 5 
t +1 


=In|f+1/+C 


f dx =| dt 
tf I= 2x x" fel 
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yl=2x-x? =I x=14,/1—2x=2 


x x 


Problems for the reader: Solve by appropriate Euler substitutions 


1 
(a) dx 
: as 
1 
(b) —————— dx 
ea 


1 


(c) ——————— dx 
: ee 

1 
d dx 
“ lie 
e ——s 


goal goa tl 


1.3 Abel’s Substitution 


The interesting substitution suggested by Niels Henrik Abel (1802-1829) 
helps to evaluate integrals of the form 


apo 
J = | (ax’ + bx +0) "2 dy 


dx 
les +bx+c)’ ax’ +bxt+e 


where b’-4ac#0 and p21 is an integer. With y=ax’+bx+c this 
becomes 


J=f dx 


yy 


We set 
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t 


(1.10) = Lp y 2ax +b 


Oly fy 


Squaring both sides we write 

At’ y =4a°x? +4abx+b°. 
Multiplying y by 4a we also have 

4ay =4a’°x’ + 4abx + 4ac . 


Subtracting these two equations we find 4y(a-tf°) =4ac —b’, or 


so that 


This way the original integral is transformed into 


4 Pp 
en J(@ nee 


P p-l pt! 
(> ka poet 
Agé—b ) +1 


We return to the original variable by the substitution (1.10) 


_ 2ax+b 


2p 


11 
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and the final result is 


(4 De \pta™( 2ax+6 a Lc 
4ac—b’) %& 2k+1 | aly 


In particular, with p=1 and p=2 we obtain 


j dx _ 4ax+2b 
(ax? + bx +c)" (4ac —b)Vax? + bx +e 
dx 
} 2 5/2 


(ax + bx +c) 


-( 4 ) a(2ax + b) [ 2ax+b } LC 
4ac-b’) | aJfax?+bx+e \2Vax? + bx +e , 


For example, 


Ia ++ Daj x7 axel x Ve ext] 


1.4 The Differential Binomial and Chebyshev’s Theorem 
Expressions of the form 
x"(atbx")dx 


where a, bare arbitrary coefficients and m,n, p are rational numbers 
are called differential binomials. We want to evaluate the integral 


(1.11) F(x)=[x"(a+bx")’'dx. 


Until 1852 it had been known for a long time that if at least one of the 
numbers 
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m+l1 m+1 
+ 


P; > 
n n 


is an integer, then the integral F(x) can be evaluated explicitly in terms 


of elementary function. In 1852 Pafnuty Chebyshev (1821-1894) proved 
that in all other cases the integral cannot be evaluated explicitly. 


Case 1 


When p is an integer, the substitution x =t’, where r is an appropriate 
positive integer turns x” (a+ bx")’ into a rational function of f. 
For example, in the integral 


dx 
T=) Raney 


we make the substitution x=f° to get (integrating by parts in the next 
step) 


=6f t dt ae -3ftd 1 


(i+?) (+t?) 1+? 
a 26 
= ! sSencapKe = OUR eae a 
l+f Leal 


Case 2 


be an integer (positive or negative). We set t=a+bx" 


1 1 
“(Sy av=1{—4) dt 
b n\ b t-a 


m+1 m+1 


F(x)= AC —a)" dt 


mt+1 
Let now 
n 


to obtain 


which belongs now to Case 1. 
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Here are two examples. The first example is the integral 


re 


m+l 


al 
where m=-l,n=5, p=— and 
2 n 


compute 


lear 


Now we continue with t=u°?,u=./f to get 


1 
n +C= 
-uw 5 u-l Ss ieee 4 


In the second example we evaluate the integral 


jaf a 


yl+x 41 
j=2[* |, u+l ei, AE ae 


Setting directly 1+. x° =u’,u=./1+x° we get 


dx = — 2/3 
3(u~ —1) 
2 — 

J=2{ u 4 =a be I+] | _2, i m Py 
3° u°-1 3° ui -l 3 3°u°-1 
<7 dial! ae 
3 3) lu+l1 


and finally 


=0. We set t=l+x 


and 
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l+x -l 
Slee + — =n x +C, 


l+x°+1 
Note that the integral 


[yl+x° dx 


cannot be solved by the substitution t=1+x° or by any other 


substitution. Here m=0,n=3, p -+ and by Chebyshev’s theorem the 


function ,/1+x° does not have an explicit antiderivative. For such cases 


we can use the convenient antiderivative 


Jxy= [Vier dt. 


Case 3 


= m+1 ; . a . 
This is the case when + p is an integer (positive or negative). We 
first transform the integral by “factoring” out x” this way 

ie (a+ bx")? dx= (2 (ax "+b)’dx. 


The result is a new integral of a differential binomial falling in Case 2, as 
the number 


m+np+l_ [2s p) 


—n nN 
is an integer. 


We illustrate this case by two examples. Consider first the integral 


_ dx 
J=] fa+xy 
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where we assume that x >0. Here m=0,n=2, p= ts and disa + p= 
n 
is an integer. We write 
f dx =| dx 
Ja+x) x? (as + 1°” 
and set x° +1=f. Then —2x dx = dt, dx = 5 dt , so that 
= j=Zfr Zdt= Tt 
Ee 
The second example is the integral 
J =| dx =| dx 
rae oe a rele 
where ~ = + p=-1. With t=x~ +1 we have dt =-3x“dx and 
n 
y= a =a) = jee — ae 2S 
x Ja al +1 3 


Problems for the reader: Evaluate by appropriate substitutions 


(a) ud 
1+4/x? 
dx 
» res 
d. 
(©) j= 
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(d) } ale sex ae 
(e) [3x —x? dx 


(f) — dx 


x i 21) 


1 


(the last two integrals are from the 2006 MIT integration bee 
competition). 


1.5 Hyperbolic Substitutions for Integrals 


In order to evaluate integrals containing radicals of the form 


> 


a 
a+x’ and x-a 


(a>0), most calculus textbooks use the trigonometric substitutions 


1 ForVa’—x’ set x=asin@ 
2 ForvVa*+x’ set x=atand 
3 ForVx?-a’ set x=asec0. 


The substitution in 1 works very well, but the other two sometimes 
require longer computations. We want to demonstrate that for cases 2 
and 3 it is more natural to use the hyperbolic substitutions 


2° ForvVa*—x’ set x=asinht 
3° For Vx’ —a’ set x=acosht 
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where —00<f<oo. These two substitutions are based on the important 
identity 


cosh’ ¢— sinh’ t=1 


so that 


Ve +a = J a°(sinh? t —1) = acosht 


x’ —a’ =./a’(cosh”t-1) =a|sinht|. 


For returning to the original variable x it is convenient to use the equations 


(1.12) sinh! z =In(z+ Vz? +1), -0<z<0 
(1.13) cosh z=In(z+ Vz’ -1), 1<z 
(1.14) tanh" 2 ==[In(1 +2)—In(l—z)], -l<z<l 


and also the identities 


(1.15) 1—tanh* ¢ = - = shy 
cosh*t dt 

(1.16) coth? ¢-1= os = é eptiig 
sinh’ ¢ dt 


(1.17) cosh’ f = 5 (cosh 2¢+1), sinh? ¢= (cosh 2t -1) 


(1.18) sinh 2f = 2sinhtcosht . 


Example 1.5.1 


Evaluate 
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F(x)= — dx 


(1.19) 


Assuming without loss of generality that x>0 we set 25/3 cosht 
with ¢>0 to obtain 


yx? -3=,/3sinhs, dv =./3sinhe 


- 2 
p=[o at : ps a dt=t—tanht+C. 


cosh’ t cosh’ t 


Thus 
x x 
F(x) = cosh ' —~ — tanh ost =| +C 
V3 3 
and according to (1.13) and (1.15) 


F(x) =In(x+ V3? -3)- V-3 6 
ye 


We can also use the equation (for ¢ > 0) 


sinht _ cosh? t—1 


cosht _cosht 


tanht = 


Example 1.5.2 


We want to evaluate here the popular integral 


(1.20) F(x)= [yx +ladx. 


With x=sinht we find 


F = | cosh*tdt = * f (cosh 21 Mare a Le, 
2 4 2 
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And in view of (1.19) 


F(x) = pve +1 + ln(x ae 41a; 


Example 1.5.3 


For r >1 consider the integral 


(1.21) 


_ 00 
la yr 


The substitution x =sinhr transforms this integral into 


J =| coshtdt 
, (sinht + cosht)” 


= 1 je a = fle $e") dt 
e 


because sinh¢ + cosht = e'. This way 


lf 1 1 
J = [ + = ed : 
2\r-1 rt+l r--1 


Note that r does not need to be an integer. 


Example 1.5.4 


We will evaluate now the interesting integral 


(1.22) ys fesse sin VP +1 
0 VP +1 +1 


This is Problem 12145 from the American Mathematical Monthly 
(Vol. 126, November 2019). We make the substitution ¢ = sinh x to get 
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J= } cos(sinh x) sin(cosh x)dx . 
0 


Here we use the trigonometric identity 
l,. : 
sinacos B= 5 lsin(a + B)+sin(a — £)| 


with a@ =coshx, 6 =sinh(x). The result is 


J= 5 tsince) + sin(e *)|dx 


=5} faite Jdx + jaime )dx |= > tA + B] 


where A,B are the last two integrals correspondingly. We will show 
now that these integrals are convergent and therefore, the previous 
integrals are convergent. For this purpose we make the substitutions 


e’=u in A and e * =u in B. This way we find 


A= jsine’ )dx = joa 


B= jaime “Y\dx = {= 


du 


which are both convergent. Finally 


1 1| psinu llz|] z 
j= = di = = . 
54+] AL 7 4 A 4 


The well-known integral 


is evaluated in Example 2.2.1 in Chapter 2 below. 
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1.6 General Trigonometric Substitution 
Calculus textbooks usually consider integrals of the form 
fsin"x cos” xdx 
and mostly suggest one of the substitutions 
sinx=f, cosx=t, or tanx=f. 


This technique, however, is not very helpful with integrals like 


dx 
me) lena 


so we need a better method. Integrals of the form 


[ R(sin x,cos x)dx 


where R(u,v) is a rational function of two variables can be reduced to 
integrals of a rational function of one variable by setting 


x 
ar =f, x = 2arctant 


for -17<x<z, —©<t<o. Simple trigonometry yields 


by using the formulas 


: . X. 7X . 5X 
sin x = 2sin—cos—, cosx = cos’ ——sin* — 
2 2 2 


Therefore, 
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% 1 ) a 
R(sinx, cosx)dx=2|R : ee 
J : ) J [2 ree 


In integrals of the form 

[ R(sin? x, cos’ x)dx 
it is better to use the substitution 

tan x =t, x =arctant 
where 


e . 1 dt 
—, cos 7, a= 7 
t 1+t ler 


and hence 


2 
[ R(sin’ x, cos’ x)dx = jr : : at 


ee 14 ae” 


Example 1.6.1 


We shall evaluate the integral in (1.23) with the substitution ¢ = tan ; 


S4+sinx 5 Petr 5 (rt) +24 


f dx 2 dt 2 dt 


es aa +C= earetan| (Stan +1] C. 


Xai’ A Sa PN 


In general, we can solve in the same way the integral 


23 
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f dx 
at+bsinx 


where a>|b|. Namely, t= tan gives 


} = — 2 arctan : tan 2 + »| +C 
at+bsinx J/g? —b? Va? —b? 2 , 


A similar computations for a>|b| provides also 


dx 1 a—b x 
1.24 = arctan} ,/—— tan— | +C. 
oy Pree la? —p? ee 4 


The case b>|a| is left to the reader. 


Even more general, we can solve the integral 


dx 
J=| 
at+bcosx+csinx 


by transforming it to the form in (1.25) this way 


=f dx 
a+vVb* +c? cos(x—a@) 


because of the representation 


bcosx+csinx =Vb* +c’ cos(x—@) 


where 


To prove this we write 


cos(x —-@) =cosacosx+sina sin x 
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and compare coefficients in front of cosx, sinx in the equation 


bcosx+csinx =Vb° +c’ (cosacosx+sinasinx) . 


Example 1.6.2 


Consider now the integral 
dx 
1.25 J =|———_. 
aneor J 2—cos x 


It is appropriate to use the substitution ¢ = tanx . This way 


dt 1 1+f 


dx = : = 
ltr 2=corx 1427 


J = } dt = aay, + C = = Eastin ta x) a Cc : 


12or 4/9. te 


1.6.1 Restrictions and extensions 


ete x : 
We want to point out that the substitutions t= a and ¢=tanx bring 


to natural restrictions on the variable x in order to have one-to-one 
correspondence between x and ¢t. For the first one, as mentioned before, 
we need —z <x <z and for the second one we need 


1 1 
—=< 45 
2 Z 


For example, we can use the antiderivative 


J(x)=| dt 


2 
i, 2 = COs f 


for (1.25) and this will be a continuous and differentiable function 
defined everywhere. At the same time the function 
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J= Fagin tanx)+C 


a 


is well-defined on the interval neo but not defined at the 


; 1 : ; 
endpoints => % It can be extended as a continuous function on 


F885 by using limits. It can also be extended beyond 
“SSS by choosing appropriate constants C in the neighboring 
intervals 


1.7 Arithmetic-Geometric Mean and the Gauss Formula 


In this section we present one very interesting substitution and prove a 
classical formula of Carl Friedrich Gauss (1777-1855). First we need to 
define the arithmetic-geometric mean of two positive numbers. 


1.7.1 The arithmetic-geometric mean 


Let a>b>0 and define a, ae to be the arithmetic mean of these 


two numbers and b, = Vab to be their geometric mean. Then a, >, as 
1 2 
a,-b =5(va-vb) >0. 


This is the well-known arithmetic-geometric inequality. Further, we set 


(1.26) a,,,=— — wut =f 4D, 
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where n=1,2,...and a, >b,. The sequence {a,} is decreasing, while the 
sequence {b } is increasing, since 


a, =F, -a,)<0, by. —b, =, (Ja, - Jb, )>0. 


a 


Both sequences are bounded and therefore, convergent. They have the 
same limit because for every n 


G4 =Di; <9 


n+l n+l 


—b <a 


n+l 


1 
=o <— (4 =) 
ar 
and by iteration 
1 
(L277) oe ae ae 


This common limit M(a,b)=lima,=limb, is called the arithmetic- 
geometric mean of a and b. The initial restriction a>b is unimportant, 
as we can define the two sequences starting from a, and b,. We see that 


also M(a,b) =inf{a,} =sup{b,}. The inequality (1.27) shows that 
1 

(1.28) Ape DNAS ae 0) 

so that a, is a decent approximation to M(a,b). 

1.7.2 The Gauss formula 


For a>b>0 consider the integral 


/2 
# dx 


(1.29) G(a,b) = 
| Va? cos? x + b? sin? x 


In this integral we make the substitution 


2asinO@ 
(a+b) +(a—b)sin’ 0 - 


(1.30) sinx = 
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Differentiating with respect to 9 we simplify to get 


(a+b)—(a—b)sin’ 0 
[(a+ b)+(a—b)sin’ OF 


(1.31) cosxdx =2a os0dé . 


Also, using the identity cos’ x =1—sin* x we compute from (1.30) 
(a+ by —(a—b)y sin’ 0 
(1.32) ogg ee ee, 
(a+b)+(a—b)sin’ 0 
Solving for dx in (1.31) and using (1.32) we find 


(a+b)—(a—b)sin? 0 do 


(1.33) dx=2a a 
(a+b)+(a—b)sin’ 6 [a+ by —(a—by sin? 


At the same it easy to see that 


(a+ b)—-(a—b)sin’ 0 


Ja’ cos” x +b? sin? x =a is 
(a+b)+(a—b)sin’ 0 


In view of (1.33) this gives after some elementary computations 


dx 2d0 


Va’ cos? x +b? sin? x \(a +b) cos’ x+4absin’ x 


Dividing the numerator and the denominator by 2 in the right-hand side 
we find the interesting equation 


(1.34) a“ ~ i 


2 2 gc Pein? ~ 2 : 
Va" cos" x ie (22) cos? x +(vab) sin? x 


At this point we note that the substitution (1.30) is one-to-one on the 
interval [0,2 /2] having nonzero derivative (1.31). It maps this interval 
onto itself and preserves the endpoints. Applying the substitution to (1.29) 
we find 
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m/2 dx m/2 do 


» Va? cos? x +b? sin? x * (2) cost n+ ( lab) sin’ 


which is the remarkable Gauss formula. Iterating this equation we obtain 
for every n21 


G(a,b) = G(a,,b,) = G(a,,b,) =...G(a,,b,) =... 


Passing to limits inside the integral is easily justifiable and the results is 


pig es 
lim G(a,,,b,) =G(M (a,b), M(a,b)) = 2M(a,b) 
That is, 
1 
(1.35) (4,2) = Faby 


According to (1.28) the sequence {a,} can be used for approximating 
G(a,b). 


The integral G(a,b) can be put in a different form. With the substitution 
tanx =? we find 


G(a,b) = i 


dt 
Va +brvl+r 
and further, with ¢ = this becomes 


du 
we te 


(1.36) oa.b)=|5 
ova + 


Integrals of this form are called elliptic integrals. More on elliptic 
integrals can be found, for example, in Akhiezer’s nice little book [1]. 
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1.8 Some Interesting Examples 


Example 1.8.1 


Let us try to evaluate the integral 


This integral looks very difficult! The usual trigonometric substitutions 
do not look very promising. However, the simple substitution x = z-t 
works very well 


f xsin x [Sos a 
Vice 1+cos” x 
sin x ¢ tsint 
=z dx — = Ub 
, 1+cos’ x > i+cos ¢ 
La ’ tsint 
= —srarctan(cos x)| = |—4 
) 1+cos’ ¢ 


and we come to the equation 


J=—-J 
2 
This way 
a : 2 
xsin x 1 
1,27 —__— ak =—. 
nen leas 4 


More generally, if we have a continuous function f(x), the substitution 
x—b-x shows that 


} f (x)de = | f(b—x)dx 
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which helps in many cases with trigonometric integrals. For instance, 


aT 
i cos.x 
, 1+ cos? x 


because the substitution x > 7—x gives immediately 


err cosx ar=—| cosx 


1+cos’ x 1+ cos” =< 


Problem for the reader: Prove that 


2 


f 2xsin x a2 
) 2+ COS 2x 4 


by using the substitution x= 2-—t. This is calculus problem 9 from the 
Stanford Mathematics Tournament 2018. 


Example 1.8.2 


A similar trick helps to solve the integral 


a/2 


Dp 

(ea 
) (cosx)* + (sin x) 

where p is some number. The integral looks impossible! However, the 


substitution x = co t gives 


a/2 


= j (sintY j (sin)? 


1, (cost)” + (sin)? ) (cosr)’ + (sint)?” 


dx 


and then 


7/2 = Pp p 7/2 
He ve | (sint)” + (cost) a { ldv= = 
0 


P + 4\P 
) (cost)” + (sins) 
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yo 
4 
independent of p! 
Example 1.8.3 
The integral 
| a * de 
x +1 


0 


seems quite difficult. We can try integration by parts 


dx 


2 Inx * » arctan x 
i) dx = | In xdarctan x = In xarctan x |; -(——— 
ae Fl ‘ 0 


but on the right-hand side we find divergent expressions. 


: a 1 
Fortunately, a simple substitution works! We set x =— and compute 
t 


ao 


t Inx r lint (4) r Int Int 
[Fal 7 laa -t lee lee 


oo} 


Thus 


(1.38) 
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Example 1.8.4 


Let #>0. The integral 


fsx”) Pde=| 
0 0 


1 
7 Se® 
N1+x7? 
ee i 1 
is invariant with respect to the same substitution, x =—. Namely, 
t 


fares") Pae=—feey #( ar 


0 o 
ive) ai os 1 « _t 
=fer en Pe)? (F)a= [er ay Fa, 
0 rc 0 


The integral can be evaluated by using Euler’s beta function 


= p= LOL) 
dai T(u+v) 


Bur) =| (u,v >0). 


First, with the substitution x°” =¢ we compute 


a 


roo) Jt re) 2B 
fa+x) ?ar= [+ dt 
0 


1 
"(+i 


and then taking uw = v= = we find 
2p 


re) 1 -l 

, + 1 1 1 1 

fa+x) ?de=— af - al r( i? 

0 2B \26 2B) 2B \2B) \B 
This result can be used to evaluate some other interesting integrals. For 
example, consider the integral 
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° arctan x 
I= | a= 
0 


A+ x24 


. ee 1 
With the substitution x =— we find 
t 


arctan(1 / 1) m/2- arctant |, _ foi 
T= a= a dt-J 


: : ; 1 
(using the identity arctan¢+ arctan—= 2 for t > 0). From here 
t 


ee) 


a 1 
art ri 


LES) 
88 \2B) \B 


In particular, for £ =1, 2, 3 we have correspondingly 


That is, 


dx =— 
14x 8 


‘arctan x m 
J, = i) 


0 


as [(1/2)= Vn. (This integral can be solved directly with the substitution 
u =arctan x .) 


etc. 
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Example 1.8.5 


Let a<b and a<x<b. To evaluate the integral 


dx 
IX — ay(b— x) 


we use the substitution 
. a 
x=acos 0+bsin’ 0, 0505 


which can be written also as 
x=a+(b—a)sin’ 0 
because of the equation cos” x = 1—sin* x. From here 


x-a . |x-a 
, O=arcsin : 
b-a b-a 


sin? = 


We compute 
x—a=(b—a)sin’ 0 
b—x=(b-—a)cos’ @ 
(x—a)(b—x) =(b—a) cos’ Osin’ 0 


abd = 2(b-—a)cosOsinO 
dé 


and then 


2(b— a)cos@sin@ 


dx 
eae = (b—a)cos@sind 


Therefore, 


d0 =(2d0 =20+C. 


35 
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(1.39) [—S— = 2aresin ae 
f(x - a)(b — x) b-a 
In particular, 
(1.40) = 2arcsin =T. 
(x- oa - 


Notice that this last integral does not depend on a and b! 


With a=0, b=1 we find 


Example 1.8.6 


Here is a very amusing integral! Solve 


F(x)=fylx+ x4+Vx4+... de 


for x>0. Inside the integral there are infinitely many nested radicals. 


The integral seems impossible! 


It turns out that the integral can be solve by a simple substitution. We 


just need to write the integrand in a different form. Let 


Pee OP ee vee : 


Then y* =x+y and we can find y from the quadratic equation 


y-y-x=0. 


We have two solutions for this equation 
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y=sevieax), y=50-Vieaa), 
The second solution we drop, because y > 0 by its definition. Thus 
F(x) -Ja+ V1+4x) dx 


and the simple substitution uw =1+4x gives 


3 
(1.41) [xt vxtvire. de 54H (44s)? +C. 


Unbelievable! 


A legitimate question is the convergence of the infinite radical. It 
converges by Polya’s criterion (George Polya, a Hungarian mathematician 
(1887-1985)): Given a sequence of positive numbers a, >0 (n=1, 2....), 


U, =, a, +a, +..+,4/a, 


converges if Ina, <2” M for some constant VM >0 and every n=1, 2..... 


the sequence 


A problem for the reader: Solve the integral 


} xxx... dx 


also with an infinite radical inside. 
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Example 1.8.7 


In this example we evaluate the integral 


oa) 


J(a)= Jeo dx (a>0) 


o 


We can write 


so that 
J(a)= ele Y dx. 
0 

Now we introduce the new variable vu =ax-—.x"'. The function u(x) is a 
one-to-one mapping of the interval (0,0) onto (—0, ©) as 

du E 

—satx >0. 

dx 


To change the variable fist we solve for x from the equation ax* — ux—-1=0 
and take the positive root 


ut Vu? +4a 
x = ——___—__.. 


2a 


Then 


1 u 
ae [1st 
2a Vw +4a 


so changing the variables we get 


ee" | 2 2 ° wee 
J(a)= e” du+ | ———$-du 
2a ij J Vu’ +4a 
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and here we discover a very nice thing — the second integral is zero! 
(Odd integrand.) Therefore, 


2a © 2a © 
e 2 e 2. 
J(a)= e" du= e” du. 
(a= J J 


The Gaussian integral is well-known 


Va 
a 


eo 9 
fe“ du = 
0 


and we obtain 


t Vx —2a 


(1.42) foe de aig 


, 2a 


This integral appears in [25, entry 3.325] as 


ice) 


fexo[ ax? 1 deat Fear 2Jab) (a,b>0) 
5 2Na 


0 


and a simple rescaling x > xvb brings it to the form (1.42). 
(The Gaussian integral will be computed in the next chapter.) 


M. Laurence Glasser has found a general formula for this interesting 
substitution. For details see [24]. 
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Chapter 2 


Solving Integrals 
by Differentiation with Respect 
to a Parameter 


2.1 Introduction 


In this chapter we present an efficient technique for evaluating challenging 
definite integrals — differentiation with respect to a parameter inside 
the integral (or appearing in the limits of integration). The integrals 
can be proper or improper. We provide numerous examples, many of 
which are listed in the popular handbooks of Gradshteyn and Ryzhik 
[25] and Prudnikov, Brychkov, Marichev [43]. Many more integrals in 
these tables can be evaluated by the same method. In our examples we 
focus on the formal manipulations. Several theorems justifying these 
manipulations are provided in the last section. Applying the theorems in 
every particular case is left to the reader. 


For many of the integrals here differentiation with respect to parameter is 
possibly the best way to solve them. 


There are several books and articles presenting this technique. First of all 
we want to mention the excellent book of Fikhtengolts [23]. The reader 
can see also [21, 28, 29, 49, 50, 51]. 


Below we evaluate three very different integrals in order to demonstrate 
the wide scope of the method. 


41 
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Example 2.1.1 


We start with a very simple example. It is easy to show that the popular 
integral 


is convergent (integrating by parts we have 


fe) ce) 


— 


2 
1 1 x 


jane _ cosx cos x 


dx= 


1 x 


dx 


2 
xX 


dx=cos\—f 
1 


which shows convergence of the original integral). 


For its evaluation we consider the function 


oo 


F(A) =[e 


0 


_jy Sin x 
eae 
x 
with derivative 


t -1 
F'(A)=-|e™ sinxdx = 
J 1+/2° 


(Laplace transform of the sine function). Integrating back we find 


F(A) =~-arctand+C 


Setting 2 — 0 leads to 
jee" 40 ie Cee, 
2 2 
Therefore, 


(2.1) Je* dx = —arctan 2 


0 x 
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and with 2 > 0 we find 


a 

sin x a 
J dx=—. 
ae 2 


Note that for any a #0 by rescaling x — ax we have 


{sin 5 (a>0) 

x 

[x= 7 
x 


a ’ 
9 —-—(a<0 
5 | ) 


From (2.1) we obtain also 


wo —Ax =x 
eure ; 
sin xd x = arctan “z — arctan A 


0 


for any J, u>0. 


In the same way we can evaluate the integral 


G(A) =fe sinh x 
Xx 


dx, A>. 


0 


G'(a)=-fe * sinh xdx = = =F : : 
. Pat DAM ZH 


A+1 
G(A)= sin ——- 
(A)= ark 
Problem for the reader: Integrating by parts and using the above evaluation 
show that 


oo 
i cos ax — cos bx 


2 
x 


d =F(6 a). 


0 
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Example 2.1.2 


The 66 Annual William Lowell Putnam Mathematics Competition (2005) 
included the integral (Problem (A5)) 


= 


2.2 
2) 2 14x" 


dx 


with a solution published in [53]. This is entry 4.291(4) in [25]. We 
will give a different solution by introducing a parameter. Consider the 
function 


Ind + Ax) , 


14x" 


F(A)= 
defined for 2 > 0. Differentiating this function gives 


oo reser ees >) 


This integral is easy to evaluate by using partial fractions. The results is 


_Ind+a),_In2_ ot 2 


F'(a + ‘ 
= 1+/7 "3042 414+/7 


Integrating we find 


Bune 


F(A)= 
4) ) 1+x° 


+ De cota 2 + 7 inl +2’) 
2 8 
and setting 2 =1 we arrive at the equation 


2F(1)= Tin. 


That is, 


1 
fmt D dea Bina. 


2 
ae Gor 
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The similar integral 


(ea 


1 
In2 
l+x 7 y- 48 


8 


0 
will be evaluated later in Chapter 5, Example 5.4.6. 


As shown in this chapter many integrals containing logarithms and 
inverse trigonometric functions can be evaluated by using a parameter. 


Notice that integration by parts gives 


arctan x 
dx 


f In(i+ ») 


dx =\n(1+ x)arcetan x, “f 
1+x° ‘ 


0 +X 


so that also 


(2.3) 


These integrals will be used later in section 5.5 in the evaluation of the 
interesting series 


ae I, 1 1) 
xe) [in2 ae =) 


val n+l n+2 


2 


=7__lanoy ~2in2+5. 
48 8 2 


where 


__b” 
n=0 (2n + 1) 


is Catalan’s constant. 


The two integrals (2.2) and (2.3) also appeared in Problem 883 of the 
College Mathematics Journal — see [15]. 
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Example 2.1.3 
This is Problem 1997 from the Mathematics Magazine, 89(3), 2016, 


p. 223. Evaluate 
ioe) 1 —-x 2 
i —£ ) dx. 
Rs oe 


Solution. We show that for every 2 >0 


-Ax 


ray=|[ = dx =Aln4. 


x 


Remarkably, this integral is a linear function! Indeed, differentiation with 
respect to 1 gives 


ea _ A Ax wo -Ax _ ,-2Ax 
F'(A)= [<=] ede = 2[ * de = 22 
0 x 0 x 
by using Frullani’s formula for the last integral. We conclude that F(A) 
is a linear function and since F'(0)=0 we can write F(A)=A1n4. With 


A=1 we find F(1)=1n4. 


Note that the above differentiation is legitimate because the integral F'(/) 
is uniformly convergent on every interval 0<a<A<b. 


Frullani’s formula says that for appropriate functions f(x) we have 


[L109 4 -17@- floyne 
0 x a 


(this formula will be discussed later in Chapter 5). 
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2.2 General Examples 


Example 2.2.1 


We start this section with a popular example. Consider the integral 


a dx, a=0. 


*_] 
Inx 


J(a) a 


Note that the integrand is a continuous function on [0,1] when defined as 
a 


zero for x=0 andas q@ for x=1 a =tim = Since 
x>1 Inx 


d 
— x" =x" Inx 


da 


we find 


i 
1 
J'(a) = | x* dx = —— 
J L+@ 


and from here J(a) =In(l1+a@)+C.Now C=0 because J(0)=0. 


Finally, 


(2.4) { “_t 


0 


dx =In(l+@). 


The similar integral 


l @ _ Bp 
[- as ax 
)» nx 


where @,f82>0 can be reduced to (2.4) by writing x%—x’ = 
x” —1—(x? -1). Thus 
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Example 2.2.2 
We evaluate here the improper integral 


u 
arctan Ax 
J(A) = | ——— 
J xV1— x? 


Differentiation gives 


=] (i+ a Wwl=2" 


and with the substitution x =cos@ this transforms into 


n/2 m/2 
J'(A)= 
A= fee ae: 0 grees 0 +A°)cos* O 
7 — dtan0 tan 0 a 1 
=i 5 arctan = =. 
) 1+4° + tan’ O 7 Y1tA?| 2/142? 


Therefore, since /(0)=0, 


(2.5) J(A)= jee as =Tin(a+vi+2). 


xy 1l-x 


In particular, with 2 =1 


f arcane 2 
trees =e : dx = In(1+ V2) 


which is entry 4.531(12) in [25]. 
Note that the similar integral 


1 
_ arctan Ax 


(2.6) J(A)= ae 
0 =X 


ax 
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cannot be evaluated in the same manner. The derivative here is 


1 


‘ xdx *? cos0d@ 
J(A)=| = 


1 (14+ 22x21 =? . J 1+ 1’ cos’ 6 
zy Vlt+ V7 +A 
n 


2ajisa Ji+a?—A 


49 


which is not easy to integrate. The integral (2.6) will be evaluated later in 


Section 2.4 by a more sophisticated method. 


Example 2.2.3 
For all 2 >0 consider the function 


arctan a 


au)= [a 


We compute (under the temporary restriction 4 #1) 


Gi(a)= { 


2) [4-%)- a 
1-A7\2 2 2(1+A) 
and since G(0) =0 


‘arctan Ax 1 
(2.7) GQ dx = In(1+ A). 
J x(1+ x7) 2 


At this point we can drop the restriction 241 and for 2=1 we find 


(a dia ie. 
5 Ul x) 2 


7 i vi i 
aE 1-A? sl 14x? 1407x? 
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Example 2.2.4 
Related to (2.7) is the following integral (A, u>0) 


oO 


GA.w)=| 


0 


arctan(/x) arctan( sx) 
ra, | an dx . 


Using (2.7) we compute and evaluate the partial derivative 


G,(A,u) =f <a cx = [ Me fal ae Zin(1 2) 
» XU + wx’) x(1+x°) 2 Ll 


Integrating this logarithm with respect to // (integration by parts) 
we find 


1 
GA) =F [A+ w)in( + 40) pln yi] + CC). 
Here 4-0 yields C(A)= FA Ind and finally we have 


oe) 


arctan(/ x) arctan(s/x) 
f 5 dx 


0 x 


= a + w)In(A + )—Aln A — pln pi]. 
In particular, for 2 =u =1 


oa 2 
(ee #) dx=m\n2. 
0 


x 


Example 2.2.5 


Now consider for 4 > 0 the function 
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where 


AA iF an 


2A * 1 1 2A (xn a 1 
= | 2.2 2 dx = 2 = 7 
laa ela xe LS [=4° 24. 2) Len 


under the temporary restriction 2 #1. This way, for 220 


In(l+ 47x’) 


dx =mln(1+/). 
1+x° 


(2.8) — 


In particular, for 1 =1 


Comparing (2.8) to (2.7) we see that for any 1 >0 


(_ In(1+A?x ay _9 f arctan Ax 
0 


L+x* 5, (1+ x") 


Example 2.2.6 


Consider the integral 3.943 from [25] 


F(A)= 


, l1—cosa 
few COsAx 
x 


0 


where > 0 is fixed. Differentiating we find 


F'(aj= fe # sin Axa =~ 
0 A+B 


and integrating back 
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1 
F(A)= 3 in’ + B°)+C(B) 


To compute C(f) we set 4=0 and this gives C(B) = inp) . 


Therefore, 


irl = 2. 
(2.9) fem? et ge tinf 14 | 


From here we conclude that also 


0 _ ; P 
fem cosAx eA asin f +U ) 
xX 


0 


as a difference of two integrals like (2.9). When 2>0 and w>0 in this 

integral we can set # > 0 to obtain 

{ cos Ax — cos x uu 
—$$§£_ —— d= a 


0 x 


(this is entry 3.784(1) in [25] and entry 2.5.29(16) in [43]). 
A problem for the reader: Prove entry 2.4.22(1) in [43] 
2 


fete Leah ge Fin =) (Ref >|ReA|). 
P 2 pe 


0 


Example 2.2.7 


A symmetric analogue to (2.9) is the integral 


(2.10) Fa)=f =a 


0 


cos Bx dx 
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defined for 2 >0 and £ #0. The integral is divergent at infinity when 
B=0. We have 


cae A 
F'(A) = |e cos Bxdx = ——— 
J A? + Bp’ 

and integrating like in the previous example 
00 Ax 


F(a)=|— _ 


0 


2 
seeiedee in ia : 
2 B 


We see that for every 120, B>0 


Ax oo 
cos Bx dx = 


0 


l-e o-bx La cos Ax 


ax . 


oo 8 


x 


The integral 3.951(3) from [25] 


0 Ax [x 
e =¢€ 
i) ——— cos Bx dx 
x 


(A>0,u>0) can be reduced to (2.10) by writing e& —e* = 
(eo =40=e"*). Thus 


Example 2.2.8 


Here we will use the well-known Gaussian integral 
(2.11) fev d= 


to evaluate for every 2 = 0 the integral 
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oo 


F(A) =| 


0 


ws 
i-e* 


sx. 
x 


For convenience, the Gaussian integral will be solved at the end of the 
example. 


We have for 1 >0 


oo 


F(a)y=fe* de Leica 


1 ioe) 
= —— | ex 
a) P 2A 


so that 


a -Ax? 
| : dx=VAr. 
x 


0 


Now we will evaluate (2.11). We present a very short and eloquent proof 
by using double integrals. 


The Gaussian integral 


Let 


We write 
o [fora] [feral fera) fer a 
0 0 0 00 
In this integral we introduce polar coordinates 
x=rcos@, y=rsin@, r =x’ +y°, dxdy=rdrdo 


and since the integration is over the first quadrant we have 
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Finally 


The Gaussian integral can be written in terms of the gamma function 
T(z)=[r'e'dt (Rez>0). 
0 


Namely, with the substitution «= x° we have 


fevarasr(5) 
2\2 

and more generally, with the substitution uv =x”, p>0, we have 
oo 7 1 
fer dx -ir(4] 
0 P \P 


({25, Entry 3.325]). 


Example 2.2.9 


Sometimes we can use partial derivatives. Consider the function 


fo) 


{ e?* cosqx —e-** cos ux 


FU,L)= dx 


0 
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with four parameters. Here 2>0, u will be variables and p>0,q will 
be fixed. The partial derivatives are 


ioe) 


F,(A,W) = fe cos uxde = A 5 


A+ hl 
F (A, w= |e sin ux dx = E 
(As f) J He PEE 


It is easy to restore the function from these derivatives 
1 a 8 
F(A, MW) = ae +i )+C(p.g) 


where C(p,qg) is unknown. We notice that F(p,q)=0 (from the 
definition of F(A, 1) ). From the last equation C(p,q)= Sin(p' +q) 


and finally 


(oe) 


—px _ a Ae 2 2 
c cos qx —e cosuix 14 +u 
0 


x 2 pt+q 


In all following examples containing e ““ we assume that 2>0. 


Example 2.2.10 


Now for a>b>0 we evaluate 


ioe) 


J(A)= few sin(ax)sin(bx) de. 


0 x 


Clearly, 


a) 


J'(Aj)= | e ** sin(ax)sin(bx) dx 


0 
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= a e * cos(a+b)x dx — Je* cos(a—b)x a} 
0 


0 


i) A A 
“Ol ataeeby 2 4(a—py |" 


Integrating this with respect to 2 and computing the constant of integration 
by setting 7 > we find 


(2.12) dx = 


x 4 V+(a-by 


oe) . : 2 2 
je* sin(ax)sin(bx) 1 ig A +(at+b) 
0 


This is entry 3.947(1) in [25]. 


Example 2.2.11 


Using the previous example we shall evaluate now entry 3.947(2) from 
[25]. 


G(A) = fe ax Sin(ax)sin(bx) we 


2 
x 


0 


where again a>b>0. We have from (2.12) 


GA) = (A) = tn tat by 


4 A? +(a-by 
and integrating by parts 
A, Ar t+(at+by 1 nv a? 
G(A) =—7 In 2 : i } 2 2 2 2 dA 
4 A°t+(a-by 4°\ Aet+(a-by A +(a+b) 


With simple algebra we find 
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a v — (at+by (a—by 
MV+(a-by A +(at+bY A? +(at+byY A? +(a-by 


and the integration becomes easy. The result is 


2 2 
G(A)= a In a eiChae +e E aesian 4 Be etalk é + ae 
4 A +(a-by 2 a-b 2 a+b 2 


(the constant of integration is computed by setting 2 >). 


This answer is simpler than the one given in [25]. Setting 20 we 
prove also 3.741(3) in [25], namely, 


oe) 


jee sin(bx) a= mb (a>b>0). 
2 


2 


0 x 


Example 2.2.12 


Let again a>b>(. The integral 


G(A)= feo* sin(ax)cos(bx) ae 
x 


0 


is similar to the one in (2.12) (entry 3.947(3) in [25]). Here 


ioe) 


G'(A)= | e ** sin(ax)cos(bx) dx 


0 


= He" sin(a+ b)xdx + Je* sin(a —b)x a 
0 


-1 a+b a-b 
—_ 5 oe 
2|AV4+(at+by A’ 4+(a-by 


and integration gives 
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Gay" 2 arctan A + arctan * 
2 2 a+b a-b 


(again evaluating the constant of integration with 1 — © ), 


Setting ba we find also 


fe jx Sin(ax)cos(ax) ee 1 Ferre 
A x 2 2a 
Example 2.2.13 
f — b 
F(A)=fe* cos(ax) =eoa x) i 
0 


(entry 3.948(3) in [25]). Differentiation gives 


dx = —ln—.—,, 
x 2 A +d 


F'(A)= few cos(bx) —cos(ax) 1, Av+a 


0 


as cos(bx)-—cos(ax) =[cos(bx) —1]+[l—cos(ax)] and we can use (2.9). 
Integration by parts yields 


(2.13) pata a ‘cbarstan damian e 
2 Leh A A 


(again the constant of integration is found by setting 2 — 0 ). 


Many other integrals of similar structure can be evaluated this way or can 
be reduced to those already evaluated here. For example, entry 3.948(4) 
from [25] 


A(A) = fe _jy Sin ECL (0x) 


0 x 


can be reduced to (2.13) by using the identity 2sin? @ =1—cos2a@ . Thus 
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_ax COS(2bx) — cos(2ax) |, 
A(A) = fe fe 
2. x 
A, a> +4b’ 2a 2b 
= —In———,, + aarctan— — barctan—. 
4 4’?+4a A a 


The next several examples show some interesting logarithmic integrals 
involving trigonometric functions as well. 


Example 2.2.14 


Consider the integral 


m/2 


(2.14) J(a) = | In(@’ - cos’ 0)d0 


for a >1. Differentiation with respect to a gives 


w/2 

do 
J'(a)=2a | ———— 
J a’ —cos’ 6 


and now the substitution x = tan @ turns this into 


eo} 


T 


ae 


J'(a)= 2a| = 2 arctan 


ax 
Pie "a? 1 Va’ 1], 


Therefore, 


a/l2 


J(a)= | In(a? ~cos* 0)d0 = min(a +a" -1)+C. 


Now the question is how to evaluate the constant C. For this purpose we 
factor out a” inside the logarithm in the integral and likewise we factor 
out @ on the right-hand side. Using the properties of the logarithm we 
write 
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m/2 2 
rina + | hf $058) ao= mina ms lec. 
. ae a 


Removing zIlna@ from both sides and setting @— co we compute 
C=-mIn2. As a result, two integrals are evaluated (see below). For the 
second one we set B=1/a 


= atva?-1 


(2.15) } In(a* — cos’ 0)d0 = a as (a>1) 
0 


(2.16) f ind. cos? 6)a0 = in 8 (0< BS). 


In particular, with G=1 in (2.16) we come to the important log-sine 
integral 


m/2 


(2.17) [ in(sin@)d@-=—-=In2. 
0 


Example 2.2.15 


By the same method (as in the previous example) we prove that 


* l+Vl+a 


(2.18) J In(l+ ersin’ @)d0 = xn —— (-l<a). 
0 


Calling the left-hand side F(a) we differentiate to find 


/2 : 
* sin? @ 


F'(a)= | ————— 
a , l+asin’ 0 


To solve this integral we divide top and bottom of the integrand by 
cos’ @ and then make the substitution x = tan@ . The result is 
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0 2 


; 7 x 
7 @- lean si 


Assuming for the moment that a@#0 and using partial fractions we 
compute 


F(a)=—| 2 * | de 
@iiitx laetla)x 


ner arctan(xV1+a@ } 


Simple algebra shows that 


aylteal 1 
2avJit+a 2(+Vi+a)Jl+a_ 


Which is exactly the derivative of zin(1 +vl+a@ ) . This way 


F(@)=zIn(1+Ji+a)+C. 


At this point we can drop the restriction @ #0 and set a=0. We find 
C=-71n2. The evaluation (2.18) is proved. 


1 
= —| arctan x — 
a 


0 
0 


F'(a)= 


Example 2.2.16 
Let |a@|<1. Now we prove entry 4.397(3) in [25] 


In(l+ a@cos@) 
cosé 


(2.19) F(a)=| d@ =marcsina . 
0 


Assuming that the value of the integrand at 9= 7/2 is a, the integrand 
becomes a continuous function on [0,7]. Then 
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1 


which is easily solved by the substitution ¢ = tan (see Section 1.6) 


: t dt 2 7 at 
F(@)=2/ —*—_, - —_/—_*__ 
litera I+aqy4 es 
l+a 
-a 1 
= arctan} ¢,/——— = 
l-a [ =) lao 


and (2.19) follows by integration. 


Equation (2.19) holds also for @=+1, the improper integral being 
convergent. Thus 


ue af 2 
(oe ee 
cosé 2 


0 


Example 2.2.17 


Let again |@|<1. With the result from the previous example we can 
prove the evaluation 


1+V1-a@ 
— = 


(2.21) G(a)=[In(1+ac0s8)d0=zIn 


Indeed, assuming for the moment that a #0 we write 


cos0 _ al teseer 4 1 
ico 


a= |G 


1+acos0 


Splitting this integral in two parts and borrowing (2.20) from the previous 
example we have 


64 Special Techniques for Solving Integrals 


do 


1+ acosd a a a eavl—-@ 


Integration is easy 


1 ef ! FG) 1 
aa 


Gta) =a{ na» foe) r(Inae+In(ar +Va~ =1}+C 
or 
G(a)=zIn(1+Vi-a")+C. 


Dropping the restriction @ #0 and setting @=0 we find C=-In2. 
With this (2.21) is proved. With @ +1 we obtain the well-known 


[ind + cos) d0 =-7In2. 
0 

Example 2.2.18 

We work here with a very interesting integral 


(2.22) F(a)=fn(l-2acosx+a2)dx. 


It can be found, for example, in [23] and [50]. At first we assume a # 0 
and a #1. Then 


7 2 2, 1* l-a" 
F(a)={ cosx+ a i 1 a ax 
» L- 2@COSxX+ a” as 1-2acosx+a 


ie 


a a. 
a 41l-2acosx+a’ 
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The last integral can be evaluated by the substitution ¢= tan. Simple 


work gives 


Piha” ten 
aa Le |g 


and we find from here that F’(a)=0 when |a@|<1. When |a@|>1 we 
have Rie. Thus F(a@)=C,, a constant, when |a@|<1 and 
a 


F(a)=C,+7I1n(a’) when |a@|>1. Since F(0)=0 (as (2.22) shows) 
we have 


F(a)=0 forall ja|<1. 


Next, let |@|>1. In order to evaluate the constant C, we factor out 
@ inside the logarithm in (2.22) and write 


F(a)= cc [= 2cosx +1)) dy 
0 a 


= mina) + F[ ; )= aime”) 


a 
as F(1/a@)=0 (here |1/@|<1). This also extends to a=+1. To 
summarize, 


F(a)=aIn(a’) forall |a|>1. 


This integral will be considered also in Chapter 3 by using a series 
representation. 


The integral can be written in a symmetrical form (cf. entry 2.6.36(14) in 
[43]). With | B|<|a@| 
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fine? —2aBcosx+a’*)dx=2rIn|a\. 
0 


Example 2.2.19 


One more integral with a logarithm. We will evaluate 


Ind — ax") 5 


f(a) = | —_— 
jms x V1—x" 
where |a@|<1. After differentiation 


1 


-2 d: 
— of — Cx W1l-x * 


In this integral we make the substitution x =sin@ to get 


m/2 1 


COR Gea 


Dividing top and bottom of the integrand by cos’@ and using the 
equations 


! do =dtand, 4s ten?9 
cos’ @ cos’ 0 


we bring the integral to the form 
m/2 1 


ene 2) ea @ytan? 0) 


d(vl—a’ tan@) 


m/2 


= a eer a’)tan’ 0) 
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2a 2 aed 
>= arctan(v1 =Q tand)|? == iis 
jl-a yl-a 
Integrating we find 
f(@=nJ1-a’? +C 


and with a =0 we compute C =—7. Finally, 


a tema =it); 


At this point we see that both sides are defined also for @=+1, so the 
initial restriction on @ can be relaxed and the equation holds for all 
|a|<1. 


A problem for the reader: in a similar way evaluate 
(ee In(1— a? x? 
0 


vue" 


Example 2.2.20 


Here we present our solution to Problem 11101 from the American 
Mathematical Monthly (2006, p. 270). Let a,b >0. The problem is to 
prove the identity 


(4 b ma 
[eee areten a =F (nto + Vo? +a?) —Ina). 


Solution: With the substitution x — ax we can write this in the form 


t bla a, {b |b? 
= arctan dx =—In} 2+ Fs} 
Js J1+x° Z E a 


Now for a@ =>0 define the function 
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arctan 


ee a 
F(a)= d. 
me ree nie ee oe * 


where 


7 4 1 wy. a A 
F'(a)= [ 54) dx = | ———— dx 
ee Vl+ x l+x° late 


1 
= arctan 


x 
Vl+a@ Vi+a° 


> 2vl+e?~ 


Therefore, 
F(a)=Fm(atVita*)+C. 
Setting a =0 we find C =0, so that 


F(a) =F Ina elleer yi, 


Replacing @=b/a we come to the desired result. 


Example 2.2.21 


Entry 2.7.5 (20) in [43] is a very strange integral 


ra 
[=(1 - ¥ aretan.x Ja =7. 
x 4 


0 x 


It looks like the substitution 1/x=tf will help to solve it. With this 
substitution, however, the integral becomes 


, 1 
i —ftarctan ‘) dx 
0 t 
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which does not look easier. Using the identity ston” = a arctant here 
t 

will not help. 

We will try something different. The integral can be written in the form 


ioe) 
{ x — arctan x 
5 x 


and here we introduce a parameter. Consider the function 


F(A) =| AX = ae 
0 XxX 

for 220. The parameter should be put in both places. The reader can 

easily check that if we put the parameter only in the arctangent it will not 

be very helpful. Now we differentiate with respect to 2, compute the 


resulting integral, and then integrate with respect to A 


mas Ax 3 
Fiay=[ (a ~ ee -| 2 { AS Ja 


7 Ww wo WA 
= Pew; dx=A arctan(.x)| o= rs 


Integration gives 


F(a)=| AX — as cs mA 
0 


(the constant of integration is zero, because F(0)=0). With 2=1 we 
prove the original integral. 
2.3. Using Differential Equations 


Example 2.3.1 


For every x consider the integral 
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y(x) = Jer cos(2xr) dt. 
0 
Here 


y'(x)=—[2te™* sin(2xt) de 
0 


and integration by parts leads to the separable differential equation 
y' =-2xy, or 


=—2xy, a 2xdx 
y 


with general solution y(x)= Ce* According to (2.11) 


Lit Ne 
Ox |e dt = 


andso C=V7/2. Finally, 


= 


few cos(2xt)dt=~—e 
2 


x 


This important integral shows the invariance of the function e~ * under 
Fourier’s cosine transform. It appears in rescaled form as entry 3.896(4) 
in [25]. 


The integrand is an even function and with a simple rescaling we can 
write the result in the form 


| e“" cos (xt) dt = i es (Rea > 0) 
a 


—o0 


This integral was used by the author to solve Problem 1896 in the 
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Mathematics Magazine (vol. 86, June 2013, 228-230). The problem is to 
evaluate the integral 


First, the substitution ¢ >?’ transforms this integral to 
g 


A= 2/ cos(t?) costdt = } cos(t?)costdt. 
0 


Next we extend by continuity the identity 

* aA WT ax 2ige 
fe “cos (xt) dt ~~ ~~ 
=o a 


to complex numbers a#0 even when Rea=0. Setting x=1 and a=i 
we find 


[ (cos(??)—isin(#?))eosedt = fe" cos (1) at = fe ewe 
1 


00 —00 


Comparing real parts gives 


i) cos(t*) cos tdt = JE (cost +sin 4 . 
2; 4 4 


—00 


This way 
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Example 2.3.2 


In this example we evaluate two interesting integrals (3.723(2) and 
3.723(3) from [25]) 


cosAx xsin a 


F(A)= jx dt, G(A)= aS 
where a>0,A>0. The two integrals can be viewed as Fourier cosine 


and sine transforms. We will find a second order differential equation for 
F(A). First we notice that 


(2.23) F'(A)=-G(A) 
Further direct differentiation brings to a divergent integral. To avoid this 


obstacle we shall use a special trick, adding to both sides of (2.23) the 
number 


T = fa 
2 0 


(see Example 2.1.1), After a simple calculation we find 


Faye = al sinAx 
1 ala 


(a? +x° 5“ 
Differentiating again we come to the second order differential equation 
P'=ak 
with general solution (A,B - arbitrary parameters) 
F(A) = Ae“ + Be™ | 


Then A=0 because F(A) is a bounded function when 2— ©. To find 
B we set A4=0 and compute 
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oO 


t a 1 x 
B=F)=| oe 
0 


Gig 2a 

Finally, 

ey TG is 
(2.24) F(A)= jo =e 

2a 

And from (2.23) also 

ae; H _aa 
(2.25) G(A)= pa de= Te". 


Notice the interesting equation G(A)=aF (A)! 


This result can be used to evaluate other similar integrals. Integrating 
(2.24) with respect to 2 and adjusting the constant of integration we 
prove entry 3.725(1) in [25], namely, 


f sin Ax _ «a 


-ah 
1 x(a’ +x?) area ea 


Differentiating this integral with respect to a we prove also entry 3.735 


[eo es 
es as a 2a 4a 
Problems for the reader: Prove that 
J —_ — a (lt adje™ 
na ae) 
* cos’ x 
=—(1+3e7 
J +x’) ( ) 
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Example 2.3.3 


We shall evaluate here two Laplace integrals. For s>0 and a>0 
consider 


00 e t % te 
F(s)= dt and G(s)=|-—;% 
iF Sa iF 


+f 
Differentiating twice the first integral we find 

(2.26) F'(s)=-G(s), F"(s)=-G"(s). 
At the same time 


a=) at+a+t)e™ 
ae a 


ier e = 
S 


which leads to the second order differential equation 
" 2 1 
P°t+aFr=— 
s 
This equation can be solved by variation of parameters. The solution is 


F(s)= “[ci(as) sin(as) — si(as) cos(as) | 


involving the special sine and cosine integrals 


si(x) = fern e+ [at 


x 0 


cost 


ci(x) = [a 


The choice of integral limits here is dictated by the initial conditions 
Fo) =G(oo)=0. 


From (2.26) we find also 
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G(s) =—c1(as)cos(as) — si(as)sin(as) . 


The integral /’(s) can be used to construct an interesting extension of the 
integral 


Namely, for b> 0 


i a me dx = fin a] eat 
0 


y xt 0 


= i e “sin ax «| edt 
00 


0 bt 
= al < al = aF (b) = ci(ab) sin(ab) — si(ab) cos(ab) . 
La +t 
That is, 
| “ ; dx = ci(ab) sin(ab) — si(ab) cos(ab) . 


0 


This is entry 3.772(1) in [25]. In the same way we prove 3.722(3) 


[pee =—ci(ab)cos(ab) — si(ab) sin(ab). 


i eee 


Example 2.3.4 


Here we evaluate the integral 


H(a)= fero{-»-2), a>0o 


0 
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by using a differential equation (cf. [29]). Differentiation yields 


be a) dx 
H'(a)= Jeol x 2) 


0 


The substitution x =a /t transforms this into 


rok) 


so we have the separable differential equation 


di _-da 


va 


H'(a)=—-H(q), 


a 


with solution 
H(a) = Mexp(-2Va) 


where M >0 is aconstant. Setting @ +0 and using the fact that 
1 
H(0)=T 3 = Vx 
we find 


H(a) =z exp(-2Va). 


Remark. With the substitution x = a@?f* our integral becomes 


© , 4 Rs 
i1(a)= oxo at J] dr= Teen 2Ja) 


and this is exactly integral (1.42) solved in Example 1.8.7 in the previous 
chapter by a special substitution. 


This work gives also the value of another important integral, namely 
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t a)\ dx oe edo 
jero[ x 2) 5 a ae ra 


fexe(- 1-4) (Eexp-2Va). 


Problem for the reader: Show that 


J(a) = fexo(-x- Vera =Va[ Jars t Jexpe-2va) F 
; x 2 


Hint: J'(a)=—-H(a). 


Example 2.3.5 
Here we work with the two integrals 


oO 


U(a)= fexp- x oo & oa 


0 
i) a 
V(aj= | exp(—x’)sin ‘S) dx 
7 
where a >0. We differentiate U(q) and then set y=a@/x to find 


U'(a)= -2fexp oo \s dx = afexe(—S “sing” )dy 
0 x y 


sin? 


nei —a 
= 2jeso( - 


A second differentiation gives (with x=a/ y) 
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De 


= Afr x inl S 


U"(a)= -afero| = 
y 


that is, 
U"(a)=4V (a). 


In the same way we obtain V"(a~)=—4U(a). We define now the 
complex function W(a)=U(a)+iV(a). This function satisfies the 
second order differential equation 


W"(a)=-4iW (a) 


with characteristic equation r>+4i=0 and roots 7 =—J/2+iV2 and 


r, = V2 -iV2. With these roots we construct the general solution 
W (a) = Aexp(7,a) + Bexp(r, a) 
with parameters A,B. Explicitly, 
W(a)= Ae? (cos V2a@ +isin 2a) + Be? (cos 2a -isin 2a) ‘ 


At this point we conclude that B=0 since W(a) is a bounded function. 
This way 


W(a)= Ae (cosV2a + isin 2a) : 


Setting a =0 we find W(0)= A. At the same time from the definition of 
U(a) and V(a@) we have 


va 


W(0)= EO)= jen: )br == A. 


Thus 
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W(a)= VF te (cosV2a + isinV2a). 
Taking real and complex parts we conclude that 


i 2 

U(a)= fexp (—x”) cos a= 1 ee cos 2a 

= 
0 


V(a)= fexp Cx )sinl S| dx = ay 24 sin J2a. 


2 
0 x 


2.4 Advanced Techniques 


In certain cases we can use the Leibniz Integral Rule 


a w(a) 
2 fla,xde 
da i, 
y(a) d 
= | Sfla.ar+ fla, ylayy'(a)- fla, o(@)9(@) 
g(a) 


where f/(a@,x), o(@), w(@) are appropriate functions (see [23]). 


Example 2.4.1 


We will evaluate the challenging integral 


by using the function 


r arctan(ax) 


a a 
9(@) L=% 


J(a) dx 
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where a@>1 and 


with derivative 


Applying the Leibniz rule we find 


{ x Ae arctan Va’ —1 
gia) (+ a?x")f1— x? ava’ -1 


Let us call the integral here A(a@). We will evaluate it by the substitution 
l-x’ =u’, uz0 


J'(a)= 


1 = V/a du 
J 235. =a = J 2 2,2 


Va 


2 1 Ve tit ou _ 1 pV tit 
2ava’? +1 Va’ +1-aul, 2ava’? +1 of +1-1 


This function is easy to integrate by noticing that 


d No +i+l_ -2 
da a+1-1 ava’ +l 


and therefore, one antiderivative is 


2 
“fase 


[A@da = = 


A(@)= 


og +i=<1 
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We also compute 


d 1 
—arctan Va? —1 =——— 
da ava’ -1 


and so we have the antiderivative 


arctan Ja’ —1 1 2 
da= (arctan Ja’ -1) 
J ava’ -1 2 


Now we can integrate J'(@) to get 


2 
_ aly? 2 
1a) net ~5 (arctan Va" =1] iC. 


@ +11 


2 
Using the limit lim J(@)=0 we compute C = = . Finally, 


2 


2 
= to 2 
(2.27) 10) net ~ (arctan Va? =1) je, 


a +1-1 8 


Setting here a 1 we find after a simple computation 


il 2 
(2.28) | vane na (ina " J2)) 
0 1l-x 


(i= 8 


With @ =2 in (2.27) we find also 


2 
2 2 
{ arctan(2x) ba nse) “(arctan V3) 
Ge alex 8 8\ 5-1} 2 


Remark. Integration by parts in (2.28) yields 
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1 1 
| Broly 3 x | ae arcsin A 


0 V1l- x 0 


and so 


l+x 


1 ‘ 
arcsin x 1 y 
| ; dx = 5(In(1 +-V2)) 
0 
Using the identity 
arctan x =~ — sictaa (x>0) 
2 x 


we can write 


1 2 1 
{ arctan x _e arctan (1/ x) de 
0 V1- @ 0 yl-x 


In the second integral we make the substitution x =1/t to find also 


* arctant mr 1 2 
(2.29) dt =—+—(In(+2)) . 


This integral was evaluated in [18] by using a parameter, much like 
(2.28) was evaluated. 


Example 2.4.2 
We evaluate here in explicit form the function 


In(ax+Varx “D 


x(1+ x’) 


F(a@)= (pce s 


lla 


for a >0. Differentiating by the Leibniz rule we compute 
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t dx 
J (+x Wax =1 


(notice that In(ax+Va’x* —1) becomes zero for x =1/@). 


F'(@)= 


To solve this integral we first write it in the form 


dx? 


fs 
F'(a)=— | ————— 
2 al ie + va? =4° 
and then make the substitution a? —x* =?’, t>0. This gives 


a 2 
F(a)=| 1 invite ata 
Fre -¢ Olea? Vite? -a 


This function is easy to integrate, as 


noite +a 2 
Maa -a tee? 


Thus we find 


2 


Vl+a’? +a 


F(a)=- In +C, 


Vl+a’° -a 


To evaluate the constant of integration we compute the limit 


lim F(@)=0. 


Finding this limit is a good exercise for the reader. The evaluation of the 


limit becomes easier, if we make the substitution + =— in the integral 
at 


F(a) and transform it into an integral with finite limits. Thus we come 
to 
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Vl+a’° +a ; 
Alter =e 


The expression in the logarithm can be simplified by writing 


F(a@)= i 


Vlt+a? +a (Vl+a@° +a) Jian 
= =(vl+a@ + 
Vi¢e?-a (Wl+a?-a)vi+a? +a) eae 


so finally we have 


F(a)= 5in*(vhi +a°> +a) 


that is, 
i) 2:2 
(2.30) | aM VOM tlie a? +a), 
x(1+ x") 2 


lla 
In particular, for a =1 


a 


lo 
1 x(1+x) d= ln'(v2 +0). 


(2.31) 


For @ =1/2 in (2.30) we find also 


(pea e V5 +1 V5 


(2.32) : In? +In2In—., 
5 x(1+x°) 2 2 p) 


Remark. The similar integral 


== “Dx 
i wr =I 


cannot be evaluated this way. The value of this integral is 2G , where 


(2.33) 
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= — + 
= (n+) 7 > 


is Catalan’s constant. The substitution x =cosht with In(x+Vx° -l)=4 
turns (2.33) into 


{——at =26 
) cosht 


which is a well-known result. This last integral will be evaluated in 
Chapter 5, Section 5.5. 


2.5 The Basel Problem and Related Integrals 


2.5.1 Introduction 


The famous Basel problem posed by Pietro Mengoli in 1644 and solved 
by Leonhard Euler in 1735 asked for a closed form evaluation of the 
series 


1 1 
nt ae 
- see [31]. Euler proved that 
1 1 i 
2.34 1+—+—4+..= ; 
oa 2 6 


In the meantime, trying to evaluate the series Leibniz discovered the 
representation 
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but was unable to find the exact numerical value of this integral. It 
was shown in [31] that using complex logarithms this integral can be 
evaluated as 27/6. 

There exist, however other integrals which give a quick solution to the 
Basel problem without using complex numbers. A very good example is 
the integral 


1 , 
arcsin (Xx 


(2.35) [AS ae =S[Li,(@)-Li,-a)] 


0 la 


for |a@|<1. Here 


. oO x” 
Li, (x)= > 
n=l 1 


is the dilogarithm ([33], [52]). Setting @ =1 in (2.35) we find 


7 = oli, (1) -Li,(-1)] 


f aresin x 
f == > (aresin x |, = 
0 


rca 


and (2.34) follows immediately from here, as 


: : or 3 1 1 
Li, (0) -Li,(-) =—i, () ==] 1+ ++... J. 
i, (1) i,( ) 2 1, (1) >( yy 3? 


This clever solution to the Basel problem was published by Habib Bin 
Muzaffar in [36]. 


The series in (2.34) is usually denoted by ¢(2) as a particular value of 
the Riemann zeta function 


(=> 


n=l 


(Res >1). 


Here is a proof of (2.35). Let the integral on the left-hand side be F(a). 
Then 


Solving Integrals by Differentiation with Respect to a Parameter 87 


F'(a)= ——— oa sin6 dé 
ule = x  V¥l-a@’ sin’ @ 
with the substitution x =sin@ . Next we write 


== sin0d0 --| dcos0 
V1-a? sin? 6 Vl-a? +a’ cos? 6 


dl ae d(acos@) 
ae Ji—a? +(acos0)’ 


and setting t=acos0 


inte + V1 a +t y 


5 Ca i 
5| meee Mina) 


1 1 ox |. 
=2f int +22) nla 7 =a - 


_ (S q”! yore") 


n=l n n=1 n 


and (2.35) follows by simple integration. 


A problem for the reader: Show that for every |@|<1 


arccos x 
2a] eee 


sal l=a a 


(hint: start with the substitution tf =a@x ). This is entry 4.1.6 (58) in [20]. 


dx = Li, (a) — Li, (-a) 


Example 2.5.1 


For @ 21 consider the integral 
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1 
|—-a 
01fa -Xx 


which is entry 4.1.6 (57) in [20]. This integral resembles the previous 
two, but has a different solution. Not differentiation with respect to the 
parameter @, but integration by parts. 


1 1 
{ x arccos x 1 { arccos x , 
0 


a 2 
at oe 
= Seis =i 
0 


1 2 2 
; |! Va°—x A 
=—arccosxVa —x a ie IX 
0 —X 


(continuing here with the substitution x = sin?) 


ale —sin ed a sin’ t dt 


where 
ia 
B(u,k) = [J1-k? sin? ¢ at 
0 
is the (incomplete) elliptic integral of the second kind. That is, 


fxarccosx _ 7a (< “| 
—-aE| —,—}. 
0 


Yo -x 2 


A problem for the reader: Check that for a 21 
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(aa ee 7 a sae (Z, *\. 
eee 2 2a 


2.5.2 Special integrals with arctangents 


We will consider now some integrals similar to the one in (2.35) which 
can be associated with the Basel problem, either solving it or leading to 
similar results. 


Example 2.5.2 


We will prove here that 


ioe) 
arctan ax 
2/ eS 


(ee. ; 
(2.36) dx = InaIn——~ + Li, (a) - Li, (-a@) 
l+a 


1+x 
for any 0<a@<1. Indeed, it is easy to see (by using limits) that the 
a 


right-hand side extends to @=0 and a@=1. The function Ina in 
+a 


becomes zero for @—>0 and for a1. With a—1 we compute 
immediately from (2.36) 


2 
(arctan x) , = a = “Li, (= =£(2) 


and (2.34) follows. This integral also solves the Basel problem. 


Proof of (2.36). Let J(q@) be the left-hand side in (2.36). Differentiation 
yields 


: t 2xdx 1 Ff 2x 2a’x 
T@=|T, 2,2 7 | 2 za |e 
. ox Wear) lors lex Iearx 


1 l+x ||° -2ine 
= 2 In D2 = a 
l-a l+ax ' l-a 
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Thus, since J(@) is defined for a =0 and J(0)=0 


eae, 


Ja)=|= 


Integrating by parts we find 


In(l+1)_In(l- m=O) 


J(a)= ina in 2, )(a2 , 


sfagin —" Ste) 
l+a 


as desired. 


This integral appears in the table [43] as entry 2.7.4(12) in a different 
form 


‘arctan @x | ; 1 . 
2 | ire — ir 14) | —— |= Lal 
J l+x° 706 teed se 


0 


which is less helpful for solving the Basel problem. 


Example 2.5.3 


For every |@| <1 we have 


aren ax a 
2.37 2 dx = In2—- 
( ) joranes l+x x n+l 
where 
n-l 
Hy 15+ ptt (ioe a - (x21), Hy =0 


are the skew-harmonic numbers. In particular, when a = 1 
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(2.38) z- > (n2- Ayal 


The numbers H, are the partial sums in the series 


n 


of _ k-1 
12 a 
k=1 k 
and we can also write 
ool k-1 
In2-H, = > oe. 
k=n+1 k 


This integral does not solve the Basel problem, but the representation 
(2.38) deserves to be mentioned. 


Proof of (2.38). As before, we first assume that |a |<1 and at the end we 
drop this restriction. Calling the left-hand side G(@) we have 


, 2x dx 2 pl x x 
G'(@)= (-—=—_— 2 =—| = ia 
5 (1+ a°x" (1+ x?) l=@s|lax” Isex 


In2 —nate ) ee 
= In2-H,)a™ 
ie => ne 


since the generating function of the skew-harmonic numbers is 
Ind+r) < 
Da ris 
7 n=0 


(see Section 5.7.2). Now integration brings to (2.38). The proof is 
completed. 
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2.5.3 Several integrals with logarithms 


We present here several integrals which are associated with the integrals 
in the previous examples. 


Example 2.5.4 


For every 0<a<l 


Ind +02) 4, — nain(l—a)+Li,(a) 
x(1+ x) : 


(2.39) h(a) -| 


where the function Ina In(l1—@) is defined for @=0 and a =1 in terms 
of limits and these limits are zeros. For @ =1 we have 


7 Indl 7 
[® @=1i,=6@=2 

5 wl x) 6 

but we cannot use this result for directly solving the Basel problem, 
because we cannot obtain a multiple of z’ on the left-hand side. Such 
things were possible in the equations (2.35) and (2.36) because of the 
trigonometric nature of those integrals. 


The last integral is entry 4.291(13) in [25] and is a particular case of 
2.6.10 (52) in [43]. 


For the proof of (2.39) we compute 


n(a)=| dx I Lex” 
(roxiles) laa lex 


0 


1 1 -Ina 
In—= 


“f=a @ i=a° 


Integrating by parts 


h(a) = [tar = Ina in(t a) - [Par 
0 


0 
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=Inalnd-a)+Li,(a@). 


A problem for the reader: Prove that 


| ~ 


by using the substitution x = 


Example 2.5.5 


We feel obliged to investigate a close cousin to the above integral. Here 
we prove that for every -l<a<l 


(2.40) g(a) =| ce a D eT, G sii ("| 


When @ =1 we get 


1 
jl In(1+ x) ar=Li,l 5) 
A Lea) 2 
and we will use our integral to evaluate this value of the dilogaithm. 
Proof of (2.40). Like in the previous example we have 

dx Lj tee] 
(lt+ax)(+x) te a Itox 


ln 2 


» l-a l+a’ 


e(a)=| 


We notice that 


d l-a 1< 1 l+a 
L = 1 
h(S4)- St) (54) 


and the conclusion is 
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d_.(l-a 
' = Li, 
g(a) da i ( 2 


With a =0 we find C=Li, Gi Done! 


Now we write 


Lin( 5 ]=J MOE a= fA af OD 
x(1+ x) x > I+x 


1 


n=1 0 


=) yc" "x . stn*(1+3) 


Boas ax tint FD yn iy? 


n=l n 0 n=1 
This way 
1 1 1 
Li,| — |=—¢(2)-—In? 2 
(Qeteot 


or, in terms of series 


2 | a1, 
Yards In 2} 


n=1 
A nice and useful result by itself! 


We can evaluate the integral in (2.40) also in a different way. Using the 
Taylor series for In(l1+ @x) we write 


jaieas) ee j ae 1)" rears 


x(1+x) 
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$c at |. 52 gat) 


since 


{=e Ih vd 


Comparing this to (2.40) we conclude that for -l<a <1 


1 la“ (In2-H,)a™" 
(2.41) Li {3}- ui, 4 ; - a. 


n=0 n+ 1 


In particular, for @ =1 we obtain an interesting series which is a good 
company to (2.38) 
2In2-H 7” 1 


(2.42) he ln 2. 
> nei 12 2 


With a@ =—1 in (2.41) we find also 


(2.43) swe) 


sar; n+l 6 


More series with skew-harmonic numbers like (2.38), (2.42), and (2.43) 
can be found in Section 5.7.2. 


A problem for the reader: Prove that 


[Rae 


4, (1+ x) 
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Example 2.5.6. 
In contrast to the evaluation of ¢ (2) in (2.34), the exact value of 


a | 
3)=14+—+—4... 
6 (3) ae 
is still unknown. Any information about this series is quite valuable. The 
number ¢(3) is known as Apéry’s constant. The French mathematician 
Roger Apéry (1916-1994) proved in 1979 that this series represents an 
irrational number. 


Euler found the exact values of ¢(2),¢(4),... (see Euler’s formula in 
Section 4.9). The exact values at the odd integers ¢(2n+1), n=1, 2... 
are unknown. 


In this example we will present two logarithmic integrals which lead to 
four interesting representations of Apéry’s constant ¢ (3). 


Lemma 2.1. For every | 2|<1 and every p=0 


cl >t, 1- Bx 
(2.44) J (log.x)” log vere dx 
=(-1)"T(p +D{Li,,.(B)-Li,..(-B)}. 


+ (og.x)’ log(1- Bx) dx =(-1)"T(p +) Li,,,(A)- 
x 


ote 


(The second integral is entry 2.6.19 (6) in [43].) Here 


x" 


Li,@)=>)—> 
n=l 1 


is the polylogarithm. 


Proof. We start with the first integral. The substitution x =e" transforms 
it in the following manner 
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1— Bx ae 
1+ Bx 


(log x)’ log 


othe 


i 
» 
= efi {-log(I— Be) + log(1+ Be“)} at 


ee) 


00 n 00 oo n-l an 
=" VES freaks pyr yee | tre" dt 
(-1) 2 : fi e | (-1) » : J e 


scorn Ef 


n=1 


0 | n-l Qn 1 
“ys - p (5) 


n=l 


=(-1)"T(p+1)(Li,,,,(8)-Li,,.-8)}. 


The same substitution in the second integral provides 


1 


Je (log x)’ log(1— Bx) dx = (ye fer {-log(- Be')} dt 


0 
1 
nP*! 


= cy ye [jrewa S(T (p+ yy B 


n=l n 
=(-1)?"T(p + )Li,,,(B) 
and the lemma is proved. 
Now we present four representations of Apéry’s constant ¢ (3). 
Proposition 2.2. We have the representations 


| 


(2.45) ¢(3)= 


| AR 
~~ LR 


1 
arctant arctan— dt 
t 


1 
(2.46) 6(3)= | seins Pee dt 
cot t 


| 
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(2.47) ¢3)=— 5 | Stoet+ptog{ 14 1a 


(2.48) 63)= “log +0) log + *| dt. 


The starting point in the proof is equation (2.36). With the substitution 
t=ax it takes the form 


arctan ¢ 
2a je 


, dt=loga log Lij{@)=Li,-a). 


We divide both sides by @ and integrate with respect to @ from 0 to | 
~ 1 
2/ arctan ¢ (a dt 
0 (a tt 
rl l-a@ rl 
= [—loga log — da + [—{Li,(a)-Li,(-a)} da 
ee Lee nL 


Evaluating these integrals (using the lemma for the second one) we come 
to the equation 


f arctan ¢ arctan a = Li, (1) -Li,(-l = 7603) 
which is (2.45). Note that 
== Be) ag Ml, =Li,0)=¢@), Li,-)= -2603). 


We will transform the integral in (2.45) now. First we split it this way 
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: or 1 
and then in the last integral we make the substitution x =- to get 
t 


a 1 rl 1 

| —arctant arctan—dt = 2 —arctant arctan -— dt 
is t t t 

0 0 


and now (2.46) comes from (2.45). 


For equation (2.47) we use the integral 


ar poe) pies aionttn sii) 


tat) 


which is equation (2.39) from Example 2.5.4 after the substitution 
t=ax. Dividing by @ and integrating with respect to a from 0 to | 


we write 
[pacts] wet +f) je re 
‘| att 


1 1 is 
1 L 
- [=logalogi —a)da+ (2 d 
0 a 0 a 
This way we have from (2.44) 
| 00 hog i. "| dt =Li,(1)+ Li,(1) = 2¢(3). 
0 
In the same way as above we show that 
| —— lo o(1+ *\ar= 2p ele —— log( 14 +a 
0 


and the proposition is proved. 


(See also [10].) 
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Problems for the reader: Prove the following representations of Apéry’s 
constant 


o 2 


£3)-5]+ 


lel | 


dx 


hint: expand (l—e*)' as geometric series and integrate term by term 
p g g y 


2 2 


6a)-5]+ 


e+] 


(expand (1+ e~*)' as geometric series and integrate term by term) 


0 2 


ca=5 _* 


sinh x 


(write sinhx in terms of exponentials) 


6G3)= 2f x’ (coth x —1) dx 


6 (3)= 


~) | 00 


fx(n4—- xcot x) dx 
0 
(hint: Example 3.2.1 from the next chapter could be helpful). 


Example 2.5.7 


This is in fact a problem for the reader. We introduce one symmetrical 
and nice integral whose proof will be left to the reader. 


In Example 2.5.5. we showed that 


d ui,(5*)- in 4) 
dt 2 1-t 2 


which gives 
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(2.49) [Salt aau (> *). Li,(3}. 
a 2 2 


The logarithm on the left-hand side can be written as In(1+7)—In2, so 
the equation can be put in the form 


(2.50) jae are dt = ui,(5*)- Li( )- In2In(1— x). 


0 


Here is the problem for the reader. Prove that for every | x|<1 


(2.51) find +2)Ina— sat 


i en oe 
a 2 l+x 


+xIn(1+ x)In(1— x) — xIn(1— x7) + 2x. 


Evaluate the limit of the right-hand side for x 1 to show that 
1 1 
[ind + 9nd -dade =2-—— + (In2) =n, 
0 


Hint: Use integration by parts and equation (2.50). 


Note that (2.51) can also be proved by differentiating both sides. 


2.6 Some Theorems 


Here we present some theorems that can be used to justify differentiation 
with respect to a parameter inside the integral. 

Theorem A. Suppose the function {(a@,x) is defined and continuous on 
the rectangle [a,b|x|c,d] together with its partial derivative f,,(a,x). 
Then 
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£5 pa.de=J f(ax)at 


In order to apply this theorem in the case of improper integrals we 
have to require uniform convergence of the integral with respect to the 
variable @. A simple sufficient condition for uniform convergence is 
given by the next theorem. 


Theorem B. Suppose the function f (a,x) is continuous on [a,b|x[0,«) 
and the function g(x) =0 is integrable on [0,©). If 


| F(@,x)| < g(x) 


for all a €[a,b] and all x =0, then the integral 


f f(a,x)dx 


is uniformly convergent on [a,b]. 


Theorem C. Suppose the function {(a,x) is defined and continuous on 
[a,b]x[0,00) together with its partial derivative f,,(a@,x). In this case 


£ [ fa.nar= [fener 


When the first integral is convergent and the second integral is uniformly 
convergent on [a,b]. 


The case of improper integrals on finite intervals is treated in the same 
way. For proofs and details we refer to [23, 28, 29, 50]. 


Chapter 3 


Solving Logarithmic Integrals 
by Using Fourier Series 


3.1 Introduction 


Many integrals can be evaluated by expanding the integrand in an 
appropriate series and integrating this series term by term. This is a 
classical method, some examples can be found in the books [7] and [37]. 


In this chapter we present a selection of examples using this method. We 
solve integrals which are interesting and challenging. Most of these 
integrals can be found in the popular tables [25] and [43], but some are 
rare, and some are possibly new. We use standard concepts from 
analysis, simple Fourier series, and the standard expansion of the 
logarithm In(1+.x). Focusing mostly on the technical part, we leave 


some details to the reader. 
A prerequisite for this chapter is some general knowledge about the 
gamma function 


T(z)= [rretar (Rez>0). 
0 


The digamma function y(z)=I''(z)/T(z) will also be used, as well as 
the Riemann zeta function ¢(z) defined by the series 


00 


C(2) -y— 
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for Rez>1 and then extended as analytic on the entire complex plane 
with a simple pole at z=1. 


Euler’s dilogarithm Li,(x) and the polylogarithm Li, (x) also appear in 
this chapter 


Li, (x)= ~ ms 


n=l 1 


We start with some well-known log-sine integrals and proceed with more 
advanced cases. Among other things we consider Euler’s log-gamma 
integral 


fim T(x)dx 


and also the related integrals 


1/2 1/4 


[ Inr(a)ae and [ nr(@jae. 


Section 3.3 is devoted to a special Binet type formula for the log-gamma 
function InI’(x) which is then used for evaluating a challenging integral. 
The term by term integration that appears in our examples is justified by 
the theorems collected in Section 3.4. 


3.2 Examples 


Example 3.2.1 


In this introductory example we evaluate several well-known log-sine 
and log-cosine integrals. The evaluation is based on two Fourier series 
(see, for instance, [46, p. 148]) 


,0<t<z 


yo cos ao 


n=l 


(3.1) In(sint) =—In2- 
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0 ¢_1\yr-l =: 
In(cost) =—In2 yf zs eonlen) Lae ey 
n=l n 
Integrating the first series between 0 and s and then between 0 and z 


we find the two integrals 


m/2 


J In(sint)dt = sn, fncsin t)dt =—m1In2 


while integration between 0 and a yields 


m/l4 
J insinnydr =Fin2— TY sin4 ; re 2-26. 


aaa 


Here 


is Catalan’s constant. 


Since the function In(sin¢) is not defined at zero, the integration can be 
justified by first integrating on the interval [a, 2/2], 0<a<a/2, and 


then setting @ — 0. This remark applies to the second and third integrals 
and to all similar cases later. The integrals are convergent improper 
integrals. 


In the same way, integrating the second series in (3.1) we find 


m/2 


i) In(cost)dt = ~~ in2 
2 


m/l4 
J In(cost)dt = Fin2+> ay ty be, 
2 2 4 2 


n=l 


All these integrals are present in [25], in the group of entries 4.224. 
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When we multiply the first series in (3.1) by ¢ and integrate between 0 
and z/4 we find 


ml4 x 1 ~ {7 
tln(sin t)dt = ——In2-—— > — | tcos(2nt)dt 
J (sin/)at = =e J (2nt) 


n=1 


7 21... te 
== in = Lagos 
32 8 tan 2 4A%tin 2 


That is, 


m/4 


—7 1 35 
tin(sint)dt = In2—-—G+ 3 
J ( ) 32 8 128° | ) 


where ¢(s) is Riemann’s zeta function. This interesting integral connecting 


three important constants is entry 2.6.34(2) in [43]. Two more simple 
integrals (entries 2.6.34(9) and 2.6.34(28) in [43]) are obtained in the 
same way 


m/2 


; —7° 7 
tln(sint)dt = ———In2 + —€(3 
J (sin’)at == eo) 


[ein(sin dt =——n2. 
J 2 


We will return to log-sine integrals later in Example 3.9. 


Problem for the reader: Using the first series in (3.1) prove that 


m/2 
[ sine In(sin#) de = In2-1. 


0 


Hint: The series 
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yi 
“a n(4n° — 1) 


might be helpful. 
Another way to prove this integral is to compute the antiderivative 


F(tj= [sin tIn(sin¢)dt = 7“ t)dcost 


=-—cosfIn(sin¢)+ j= 


sint 
=—cosfIn(sint) + [a — [sin tdt 
sint 
= —cosfIn(sin#) + In(tan 5) + cost 
and then to evaluate 
F| 2 |\-lim F(#) =-lim F(t) 
2 t>0 ~ t>0 ' 


Computing this limit is a decent calculus exercise. 
Note that the substitution x =sint gives also 


Another problem for the reader: Show that 


Ranta =F In2+ Pinna 


by using the substitution x=2sin¢. Further, using the series in (3.1) 
show that 
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1 
Inx lV 1. an 1 z) 
dx = sin — = Cl,| & 
la 7a 7 9 (4 
where 
Cl, (x)= Ys sin(nx) 
n= 17 


is Clausen’s function. For another evaluation of this integral see entry 
4.1.5(1) in [20]. 


Next we evaluate several log-cotangent integrals. 


Example 3.2.2 
We evaluate here the integral 


Tp 
J cos xIncot— 5 * dx 


1 1 ; ; ; 
for p=1, p= 2 and p= ri, We will use the series representation 


32) cosxIncot~ +7 sinx=25 SSC") 
2 2 i 2k+1 


cos (2kx) 
= ace 2k+1 
k=l 


for 0<x<z. This series is a slight modification of the series in entry 
17.2.14 in Hansen’s table [26]. Integrating we find 


< > sin(4kz) _ 


bi 4 x 1 1 
[cosxIn cot = dx - —cos x| = = 
2 2 v mr k(2k +1) 


that is, 
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if x 
(3.3) Joosxincot=dx =z. 
0 


Integration of (3.2) between 0 and z/2 gives 


12 

a m/2 

f cosxIn cot ~dx ~~ cos x|" = 
J 2 3 


and therefore, 

m/2 x 1 
3.4 cosxIncot—dx =—. 
(3.4) J 5a 


Integration of (3.2) between 0 and z/4 brings to 


ala 


f cosxincot> dx ~~ cosx|\*" = mle Yooesin( = 
5) 2 SkQk+I) (2 


0 


and from here, changing the index of summation to k =2n+1 (for even 
k the terms are zeros) we write 


mld Ee “ay iy" 


cosxIncot—dx = : 
: 2 4 “29 (2n +1)(4n + 3) 


We can evaluate this series by using partial fractions 


_ (-1)" . (-1)" 
>) Son" Poe Dares, 


n=0 n=0 n=0 


=2 ig 2In(1+V2)). 


The value of the second series is taken from entry 5.4.24 in [26]. 


2 (—])" Ne 
ae 


ae zl 2In(l+V2)]. 


(3.6) 
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Finally, 


m/l4 


2 
3.7 cos Incot——d poe Lah Pg 2... 
(3.7) J xIncot>dx = 7 + —In( 2) 


Comment. The values of (3.3) and (3.4) are recognized by Maple. 
Equation (3.3) can be derived from entry 2.6.39 in [43]. The integral in 
(3.7) seems to be new. 


Example 3.2.3 


Very nicely, it turns out that the series (3.5) can be used to evaluate the 
challenging integral 


1 
i} arctan(x" )dx . 
0 
Starting from the Maclaurin series for this arctangent 


~ (—1)" 4n+2 
arctan(x’) = §°——— x*” x|<1 
(x") a ae (|x|<I) 


and integrating both sides between 0 and 1 we find 


pe CD" 
[arctan \dx = 2, (Qn+i(4n +3) 


== 22 (q—21n01+ v9) 


or 


(3.8) frctan(s?yade = 202) , Y? twas VB), 


0 


The series (3.6) which is crucial for the above evaluation has an integral 
form 
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1 2 n 
x ~ (-) 
3.9 dx = 
G9) J 7 2, 44n+3- 
This follows immediately from the geometric series expansion 


p=x ye x 5 lx .. inlet; 


n=0 


Integrals like (3.9) are usually solved by partial fractions. 
However, we can reduce (3.9) to (3.8) using integration by parts. 


1 2: 1 1 
} e 7 dx = a du zdx° = © fxd arctan(x”) 
ee 22 14x ae 


1 ly 
=e arctan(x* ) ‘ 5 J arctan(x) dx 


=-- 3{ zt v2) Bina vd)] 


4 


and after simplification 


ea gee mv2 2 


,1+x" 8 


(3.10) 7 inl +2). 


Even more! We can use this result to evaluate one seemingly unrelated 
tough integral 


m/l4 


| Vtan0 do. 
0 


With the substitution tan@ = x*, or @ = arctan(x’) we compute 


j tan 0 a= Vins), 


(3.11) 


A remarkable connection! 
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Example 3.2.4 
Now we consider another important series. For all | @|<1 and all real x 


a‘ coskx 


(3.12) log(l-2acosx+a@*)=-2)° 7 
k=1 


This series is well-known. It comes from the standard expansion of the 
logarithm 


kx 


~ koi 
log('-ae")=-y = * 
k=1 k 


by equating the real parts on both sides when q@ is real. After that (3.12) 
extends also to complex q@ in the unit disk by analytic continuation. 


We will use this series to evaluate several integrals. From (3.12) we find 
immediately 


ap 
(3.13) [ log -2acosx+a7)dr=0 
0 
for every integer p. Setting a —1 here yields 
mp mp mp 
i) In(2 — 2cos x) dx = i) In(1—cos.x)dx + [ In2dx=0 
0 0 0 
that is, 
ap 
(3.14) [ ind -cos.x) de =-mpIn2. 
0 
Also, from (3.12) 


m/2 


oO k 
(3.15) J log - 2a cosx+@*)dx = 2) e sin( “2) 
0 k=1 


n=0 


Solving Logarithmic Integrals by Using Fourier Series 113 


This series can be expressed in terms of the dilogarithm 
2 x" 
Li= Ys. 
n=l n 
We have 


(- la 2n4l 1 
(3.16) errr oer: —(Li, (iar) - Li, (-ia)) 


m/2 


(3.17) i) log(1— 2a cosx + a” )dx = i(Li, (ia) — Li,(-ia)) . 


Setting @ +1 in (3.15) we derive also 


m/2 m/2 


f In(1—cosx)dx + [ In2dx=—2G 
0 0 


that is, 


a/2 


(3.18) J in(l—cosx) dv =—Tin2-2G. 
0 


Now we return to (3.13). When @ with |@|>1 is real we write 
In(1— 2a cosx+ a’) =In[a?(a” —2a" cosx +1)] 
=2In|a@|+in(l-2a'+a@”) 


so that for |@|>1 
xp 

(3.19) [ ind - 2a cosx + @”)de =27 pin |a|. 
0 


This is also true for |@|=1 by continuity. The two integrals (3.13) and 
(3.19) can be united in one, replacing a by B/a 
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7p 

(3.20) [ In(B? - 2af cos x +a) dx =22 pIn| a| 
0 


where | |<|@|and p is an integer. This integral is entry 2.6.36(14) in 


[43] and entry 4.224(14) in [25] (the answer in [43] is correct, while the 
answer in [25] needs a correction). For p=1 this integral was evaluated 


in Chapter 2 by a differentiation with respect to a@ (see Example 2.2.18). 


Example 3.2.5 


We will use the series (3.12) for some more evaluations. Multiplying 
both sides in (3.12) by cos(mx), where m is a positive integer, we write 


oO k 
(3.21) cos(mx)log(|— 2acosx+a7)=-29° 2 ae eesti) 
k=1 


= Y= (00s (m+k)x+cos(m— k)x) . 


k=l 


Now we integrate this equation with respect to x between 0 and zp, 
where p is any integer. There will be only one non-zero term on the 
right-hand side, the term where 4 =m . Thus we find 

Tp —1 p n 


(3.22) [ cosmxlog(| -2acosx + a*)dx=—"a : 
m 
0 


This is entry 2.6.36(15) in [43] and entry 4.397(6) in [25]. 


It is remarkable that (3.13) does not follow from (3.22) for m=0. This 
phenomenon is explained by the nature of the series in (3.21). We leave 
it to the reader to evaluate this integral for |@ |>1. 


These results can be extended in the following way: using the representations 
1.320(1,5,7) in [25] 
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2 n-l 2 ) 
cos” (mx) = ral ‘ Fs 25 "os Qnm= 2m} 
n k=0 


n 


2n-1 
cos” | (mx) = ¥{ " Joos (2nm — 2km — m)x 
= n 


sin?" (mx) = +{(7") + 257”) (-1)""* cos (2nm— 2m 


Nn n 


we find correspondingly 


ap _ n-1(9n 2m(n-k) 
[ cos?” (mx) log(I - 2a cosx+a@’)dx=— cS 
0 


A"m \ k n-k 
ap 


i cos’” '(mx)log(1— 2a cos x + a”) dx 
0 


_ 1p n=1(9n—] og 28 2k-D) 
4"'m il k n-k-1 


ap 
i) sin?” (mx) log(1— 2a cosx +a”) dx 


0 


7 -1 p n-1( In yes 
4" m fa\ k n-k 


for any two positive integers n,m and any |a|<1. 
Example 3.2.6 
Substituting @ = +e, 2 >0, in (3.13) and writing 
In(l+ 2e% cosx+e74)= In| e? 2(cosh 6 + cos x) | 


=—£+1n2+In(cosh # + cos x) 


15 
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we find for every integer p 
ap 

(3.23) i In(cosh B + cos x)dx =(B-In2)pz. 
0 


Example 3.2.7 


We continue working with the expansion (3.12). Dividing both sides by 
x’ +b’, where Reb >0, we write 


log(1-2acosx +a’) 
x +h? 


= a‘ coskx 


62%) “k(x? +b?) 


=-2 


Integrating term by term and changing the order of integration and 
summation we arrive at 


t log(1—2acosx +a’) = a= coskx 
ee ea 


x +b’ al kx +b? 


The integrals on the right-hand side are well-known (see (2.24)) 


(3.25) J ea = oe 
so that 
fleed —2a cS a oes _ 2 yc _ ae(ae’y 
J 4b bok bo k 
and finally 
(3.26) fles@- ae $0") pp = : jostle. 
0 


This is entry 2.6.36(20) in [43]. Several other integrals in [25] and [43] 
similar to (3.26) can be solved in the same way. 
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Example 3.2.8 


We will evaluate here some integrals by using the standard logarithmic 
series. Let ReA > 0. Then for every x >0, |a|<1 
cS gre" 


(3.27) log(l-ae**)=-)° z 
n=l 


Multiplying both sides by x” (p>-1) and integrating form 0 to 00 we 
find 


n 


fx log(1— ae) dx = a - [xterm ges a cet ae a"l(p+)) 
7 0 


n=1 11 n=l n(An)?"" 


(pt) a’ Ppt), 
= Qe ie qr Li,.,(a a). 


That is, 


f “46 I(p+1 
fz’ log(1 — ae") dx =— ya dp 


0 


Li,,,(@ a) 


where Li, (x) is the polylogarithm. 


ca) 


This integral is equivalent to entry 4.316 (1) in [25] and entry 2.6.28 (1) 
in [43]. 


Next, for any real b # Owe have 


—Axn 


sin bx log(1—e**) = >= 


n=1 


From here, using the Laplace transform formula for the sine we find 
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{.- Ay 1 an 
[asin bx log(l—e**) dx = ->'-fe 4x" sin bx dx 
0 nai 1% 


A: 
oa n(n +b’) ; 


The value of this series is known (entry 6.1.67 in Hansen’s table [26]) 


u b 1 ib ib 
(3.28) Le ae fy[1 2) +u(1-2) +29 


n=l 


where y(s)=I"'(s)/IT'(s) is the digamma function and y=-wy(l) is 
Euler’s constant. Thus 


: =| ib ib 
3.29 bxlog(1—-e* ) dx = — 1+— J4+w| 1-— ]42y J. 
229) Faintogd—e*yae= FH o[1+!) + u(1)s27| 


This integral is entry 2.6.40(6) in [43]. The similar integral 2.640(5) in 
[43] is proved the same way 


ioe) 


[sin bxlog(i+e*") dx 


0 


ee me oe 28), (44), (Aci 
4b alee lea se err ea ery ay 


Next we integrate the expansion 


—Axn 


. b 
cos bx log(1— e**) = =e e cos bx 
n=l n 
to get 
feos bx log(1 — ee Vide = Shp oxi a . 
0 n=l n 0 i Vn 4h 


Using again Hansen’s table for the above series (entry 6.1.32) 
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A = a + Zz coh 2°) 


Sn +h 2b 2b A 
we find 
rn ee, ee: mb 
(3.30) ae \dx = >? Ob cath( ri ) 


The expansion of coth(x) in partial fraction series will be presented later 
in Section 4.5.1. 


Example 3.2.9 


Here we show another application of the series in (3.28). Multiplying the 
first series in (3.1) by e’, a#0, we write 


e“ cos(2nt) 
n 


e“ In(sint) =-e“ In2-)) ,O<t<an, 


n=1 


We will use now the antiderivative 


at 


few cos(2nt) dt = —*—_(acos (2nt) + 2nsin (2nt)) 
a +4n 
to evaluate several log-sine integrals. Integrating the above series between 


0 and z we compute 


, 


fe* in(sins) dr =~ In2+a° = | 
‘ a nmi W(4n° + a7) 


According to (3.28) this becomes 


(3.31) e“' In(sint) dt 
0 


l-e” 1 ia ia 
In2+v+— 1+— J+w| 1-—]]>. 
meee aes 
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oe the second series in (3.1) by e“ and integrating between 


— and a we find 


2 
m/2 00 
i) e incest sinh In2+a° =— 
2 a 2 mi (4n° +a’) 


and correspondingly, 


m/2 
(3.32) i) e“ In(cosf) dt 


—1/2 


—| Ta ia ia 
= — sinh —4 2In2+2yv+yw]/1+— |/+w|1-—}>. 
a 2 | ‘ v| 4 v| ‘| 


Integrating between O and 7 we find also 


m/2 
i) e“' In(cost) dt 


0 


= an/2 ioe} n an/2 
_l-e oy ») [c 1)" ae a | 
a 


fa 4n +a 4n+a 
1 = ettl2 Par 00 1 oo (- 1)’ 
— In2-ae at os 7a = 
a ml W(4n° +a’) ml M4n° +a’) 


From Hansen’s table [26] we take now entry 6.1.77, namely, 


= 1 ia 
(3.33) eras ES = a(1+¥)s a(1-4}- 20) 


where (5s) is Nielsen’s beta function — entry 8.370 in [25] (see below 
Section 4.5.2 for this function) 
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no Sel?) o(J] 


Therefore, from (3.28) and (3.33) we find 


m/2 
(3.34) i) e” In(cost) dt 


0 


_ i= ettl2 etl2 ia ia 
1 ia ia 
el a(t+ 2} 6(1-2)-200 ; 


With the same method, using again the first series in (3.1) we get also 


m/l2 
(3.35) i) e“ In(sint) dt 


0 


1—e%!? etl? ia ia 
= n2.-— fos 2}s 6(1-2)-200) 


The simple computations are left to the reader. 


Example 3.2.10 


Using the logarithmic series we shall prove now the curious result 


Indt+x+x°) x 


x 9° 


(3.36) f 


First we write for 0< x<1l 
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n-1 x" 


log(1+ xe’”’?) a5 1) ents 
n 


n=l 


and from here, dividing both sides of the equation by x and integrating 


a ) =>“ ire eint!3 | 


n=l 


pe) a + xe 
0 


Taking the real parts from both sides we find 


pind+x+x") (- ye 
J x a2 oF } 


This series can be easily evaluated 
2 (-1)"! nn 1 1d. tat tt a 
2 cos| — |=2 =. S> at 
ie 3 12.22 7 #292 6 


1 1 1 2 a 
=60)-3 a+ zs 6-36 =F6)=E. 


Done! 


Example 3.2.11 


This is, in fact, a counterexample. Consider the integral 


(3.37) dx 


2 


{ In(l-e?***) 
‘ l+x 


for ReA >0. Trying to evaluate it we can start as above by using the 
expansion (3.27) to write 


oo -2nAx oO °o  —27Ax 
(3.38) [A ax =- Dre 
0 


+x fak11+x 


However, then we come to the evaluation 
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oo eon 


= dx = ci(277An)sin(27 An) — si(2z An) cos(27 An) 


1l+x 


0 


where 


si(x) =—[ = d= J = dt, ci(x)= jo dt 


x 


are the sine and cosine integrals. It becomes clear that the series in (3.38) 
will be difficult to sum. Our counterexample shows that we cannot 
always use the logarithmic series for integral evaluation. 


A quick evaluation of the integral (3.37) is possible if we first integrate 
by parts 


20 on) 
ee -—— e Digs find. e°***) darctan x 
0 


74x arctan x 


= _ pp 2 Ax re 
=In(l-e )arctan x| Ps a) iene 


arctan x 
5 ax. 
WAX _ 1 


= nis 


Now we can use Binet’s second formula for the logarithm of the Gamma 
function 


{ arctan(t / A) 


dt 
2nt 1 


nr(ay=[A sina peal, 

2 zs 
(entry 8.341(2) in [25]). The last term with the substitution f= Ax 
becomes 


¢ arctan(x) In2z 


2a) seen 


dx = nray-(2-3 ina +a 


and we come to the evaluation 
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oO eee) 
(3.39) pee — ae al mr eay-(4—Z)ina+a- 
0 


ne 


which is entry 4.319(1) in [25]. 


With 2=1 we have 


(eee ee 1 In2z 
~—] 2 4 


0 


In Section 3.3 below we present another version of Binet’s formula and 
evaluate a similar integral with e?”* +1 in the denominator. 


Example 3.2.12 


In this example we use the classical expansion (entry 6.1.33 in [26]) 


(3.40) is aha 295 s 2 


sinhay y fal 


for t>0. With the help of this series we will evaluate two challenging 
integrals 


(3.41) i( 2 tees = In(l+e*") 
)\sinht ¢ t 
“(1 1). —nme 7" —1 
3.42 ——|sinutdt= = 
( (e ; B l+e™ THY] 


for every >0. Here (3.42) follows from (3.41) by differentiation with 
respect to LU. 


Now we prove (3.41). Multiplying both sides in (3.40) by cosAy and 
integrating term by term with respect to ¢ we find according to (3.25) 
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i(: 1 1) etry ye ps ores dt 
0 y 


k=1 
2 ¢_1\k ,-Ak 
= ny OTS inh +e). 


With the substitutions zy=t and A=zy this becomes (3.41). In 
particular, with 42 — 0 equation (3.41) turns into 


i( 4 |e In2 
A sinht ¢/) ¢ 


Which is entry 3.529(1) in [25]. 


Note that while equation (3.41) is true for 4=0, equation (3.42) is not. 


Example 3.2.13 


In this example we evaluate some important log-gamma integrals. Our 
starting point is Kummer’s series for 0<x<1 


InT'(x) = Z-s|¢ +In2)+ (1-x)ine-SInsin ax 
+ aM sin 2anx 
ae 


(see section 1.9.1 in the handbook of Arthur Erdelyi and Harry Bateman, 
Higher Transcendental Functions Volume I, McGraw-Hill, 1953). 


Integration between 0 and z yields 


(3.43) finraydr= Le 2¥7+82)+| 2-5 Jina 
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1 Sl 
i yt —cos27nz) 
1 n 


n=l 


a [ Insine dt + 
27 2, 
with the convenient replacement 
to. 17. 
[in sin xx dx = i) Insintdt. 
0 a 0 
From here, setting z =1 and using the results from Example 3.2.1 
Inz In2 1 


1 
finr@dx =—— +—“=—In2z 
, ae aa 


as computed originally by Euler. 
With z -5 in (3.43) we find 


1/2 
ee 3In2 3inz 1 SGlnn 7 
InT'(x) dx = = = > 1-(-1)"). 
J we es a ae | oe 


In order to compute the series in this equation we use Riemann’s zeta 
function 


ea) 


¢(s)= Ls , Res>l. 


Clearly, 


oy 


and > EW 0), 


n=l fF n=1 


Also, 


YOY <2 —ne0) 


n=l 1 


and differentiation with respect to s gives 
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“(-l)"Inn d_... 
Y= 2 N68) 
re 7) ds 


—2'* (In 2)E(s) + (2'* -1S"(s). 


Therefore, 


(-l" Inn —In2 1, 
2» are 6 (2) Bo Me) 


Putting together all these results we come to the evaluation 


1/2 


(3.44) i InT(x) 


def t3inw ine 


3 
'(2) x 0.8037. 
8 3 ane? 


This integral can also be evaluated in terms of the Glaisher-Kinkelin 
constant A. The relation of this constant to ¢'(2) is given by 


yt+in2z 


=a" -2in). 


We continue working with equation (3.43). With z -- there we have 


1/4 


[ nr@)dr= 


3y+7in2n G ¢'(2) 1 Ginn an 


32 Ag In7 9 SH a 


) a cos—— = (2' a 2 “\(s) 


and therefore, differentiation gives 


yt cos a (2 nea 2B). 


From here 
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ee) 


> Inn an 7 —¢'(2) 


COS 


= ht 2 8 
and finally, 
1/4 ' 
(3.45) f In'(x)dx aor Tle, Se) oo seoay 
A 32 4r 1l6z 


Gosper evaluated the above integrals and also several others in terms 
of ¢'(2) by a similar method (see Ralph W. Gosper, Jr. (an InI(z)dz, 
Fields Inst. Commun., 14 (1997), 71-76). 


Example 3.2.14 


In this example we give a solution to Problem 904 from the College 
Mathematics Journal (May 2009). The problem is to evaluate the double 
integral 


Sty 


1 
[inP(x+ ydxay. 
0 
Solution: Our starting point is Euler’s integral 
1 
[in(a)de =In V2 
0 
from the previous example. First we prove the formula 
ytl 


(3.46) [ InrQdde= yin y—y+InV22 


for y=0 (the value of yIny at y=O0 is considered zero). 
Differentiating the left-hand side in in (3.46) with respect to y we find 
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yt 
se } InT'(x)dx =In'(y+1)—-InI(y)=Iny. 
dy 5, 


This is true for all y>0 because 


(y+) yCQ) 
InT(v+1-InI =In =In =In 
(y+) (y) TO) TO) y 


Also 
d 
—(ylny—y)=Iny. 
dy 


We see that the functions 


ytl 


i InT(x)dx¥ and ylny—y 


have the same derivative; therefore, they differ by a constant 


ytl 
[ nP@jde= yiny-y+C. 


J 


Setting y—0 and using Euler’s integral we conclude that C=InV2z . 
This way the identity (3.46) is proved. 


Now with the substitution x=u—-y, dx =du we write 


1 y+l 
fint+ y)dx = i InD@)du=ylny—y+Inv2z 
0 y 


and integrating both sides with respect to y from 0 to 1 we find 


11 
(3.47) [Jnl y)dedy = InV20 -=, 
00 
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Example 3.2.15 


This is a solution to Monthly Problem 11329 (2007, p. 925). The problem 
is to prove the two equations 


oo 1 
[2-T@de=2/2°-T@) pr sted 
J J In2 


and 


[x2ereayar 


0 


(vy +InIn2)(1+2In2)-1 
In? 2 , 


i 
=2 | (x+127°T (x) dx 
0 
Our starting point for the proof is the well-known representation 


(3.48) int s)= | x1 a, 


l-e t 
We multiply both sides by 2”, integrate with respect to x from zero to 


infinity, exchange the order of integration, and integrate by parts to 
obtain 


A= f2- InT'(x) dc 
0 


[bes ea elas a) 
! ind aD “1-e'\in2 tein2)f it 


In the same way 


1 
B=[2* nT (x)d 
0 
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j 1 ( 1 £2) a 
ino” xn l-e‘\2In2 ¢4+1n2 t 


From here 


A=3R = iS 1 }¢-5l(en-4)¢ 
In2 ¢+In2)¢ In24 l+t/t 


after rescaling t> ¢In2. 


Next we use the representation 


131 


This proves the first equation in the problem. The second equation is 


proved likewise. We multiply (3.48) by x2~ and integrate from zero to 


infinity. Then we multiply (3.48) by (x+1)2~ and integrate from zero to 


one. The computation requires integration by parts twice. Details are left 


to the reader. 


Example 3.2.16 


In association with the log-sine integrals we may want to consider the 


interesting integral 


1 
} In(arcsin x)dx 
0 


which cannot be found in the tables [25] and [43]. With the substitution 


x=sint followed by integration by parts this integral becomes 
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m/2 a/2 


fiers.) J In¢(cost)dt = J Intdsint 


m/2_- 
‘ sint mo. 
=Intsin¢|o ? } dt = In si(=]. 
a ee: 


That is, 


1 
J n@aresin x)dx = nZ- si(=] 
! 2 2 


where 


sin t 


Si(x) = jp 


is the sine integral function [40, p. 150]. 


Another integral with a similar structure is 
i 
J= fin x(arcsin x) dx . 
0 


Integrating by parts we have 


x 1-x 


; i > { atesinx Inx 
J= xIn x(aresin x)|, -|x + 5 |ade 
0 


iL 
xInx 
=-| arcsin xdx — f 


0 fie 


The first integral we integrate by parts and in the second we set x =sinf 
to get 


m/2 


a : : 
J =1——-— | sinfln(sinfs)dt. 
; J (sins) 
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This integral is known from Example 3.2.1, so finally 
1 
fin x(aresin x) dx = 2 — = In2 
0 


in line with entry 4.1.6 (41) in [20] and entry 4.591(1) in [25]. 


A simple problem for the reader. Prove that 
I 
fin x(arecos x) dx =In2—2 
0 


(entry 4.591(2) in [25]). 
Hint. Do not mimic the above computation — just use the simple relation 
between arccosx and arcsinx. 


Example 3.2.17 


At this point it will be very natural to look at the “first cousin” of the 
above integral (entry 4.593(1) in [25]) 
In2 Zz 


; 2 
[In x(arctan x) hes eee 
0 48 2 4 


where the presence of z” hints that ¢(2) may somehow be involved. 
We start the solution as above, integrating by parts. Calling this integral 
M we write 


1 
M = xin x(arctan x), (sans + a Ja 


‘| x 1+x° 
ii 1 
xInx 
= — arctan xdke — [—a. 
ylt+x 


Integration by parts gives 
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1 
[arctan xd == ae 
: 4 2 
so that 
In2 2 
mane FT finxaint +) 
In2 1 ¢ In(l+2x° 
eee ee fee ee 
2 4 2 2 x 


The term with the product of logarithms is zero and also 


r In(1 +x") rife a. ae (- yr 
[Mea fee ab 
oX laa on 


0 x 


where (here comes 77*!) 


Putting all these pieces together we come to the desired result. 


A note about the evaluation 
InxIn(1+x°)|, =0. 
At the upper limit, for x =1, the value is obviously zero. Then 


lim(In xIn(1 + x )y=0 


because In(1+x*) ~ x” near zero and lim(xIn xy=0. 


Example 3.2.18 


This is a solution of Monthly Problem 11639 (2012, p. 345). The question 
is to evaluate the integral 
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m/2 


| In?(2sint)dt . 
0 


For this evaluation we use again the Fourier series (3.1). With the 
substitution x =2¢ the first series can be written in the form 


in( 2sin~ | = By yp 0<x<2z. 
n 


n=l 


Next we use Parseval’s theorem for Fourier series (see below). 
According to this theorem 


iF x “1 24 
— in*(2 *\ée= ==. 
za a 3 a: 


Returning back to f= x/2 we have 


2 
a 


2 fin? (2siny)ar ==. 
e, 6 


Using the symmetry in the graph of sin¢ in the first and the second 
quadrants we have 


m/2 


Jin? (2sin¢) dt =2 | In?(2sina)de 
0 0 


and therefore, 


a/2 aa 
} In?(2sint)dt =—. 
, 24 


Parseval’s Theorem. 


If the real valued function f(t) has Fourier expansion 


fO= Oo dla, cosnt +b sinnt) 


n=1 
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in the interval [0, 27] and is square integrable in this interval, then 
a @ 
Lip (t)dt =2+0@ +67) 
n=l 


(see [46, p. 119]). 


Example 3.2.19 


The standard logarithmic series 
ice) x n 
In(i—x)=-}°— (\x|<}) 
n=l 11 
can be used for the evaluation of the interesting integral 


J(A) = [InxIn(1 - Ax) de (|A|<l). 


For 0</A<1 we have 


Hay=-[nx{ 2 “a De ab naa 


n=1 =1 


24" (fl od 1 
ye yA . a aa| 


=-In(l-A)+— —(in(1- A)+4)->(Lis(A)- A) 


ie dey 
== In. A)- SLi, (A) +2. 


That is, 


1 
finxin(- 2x) de = = In(1— 2) + his(A)+ 2 
0 
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By analytic continuation this extends on the disk |A|<1. 


With 1 > 1 we find 
1 r 
[Inxin(l—x)de=2-Li,()=2-¢(2)=2-——. 
0 
With 2>-1 
il a 
[Inxin(+ x) de =-21n2 + Li,(-1) +2=—2In2+2-—, 
0 


These two integrals are entries 4.221(1) and 4.221(2) correspondingly in 
Gradshteyn and Ryzhik’s reference table [25]. 


Example 3.2.20 


Not all log-sine integrals should be evaluated by the Fourier series (3.1). 
For example, the log-sine integral 

m/2 : 
{ In(sin ¢) di 


> «cost 


can be approached differently, with the ordinary logarithmic series 


m/2 a/2 


‘ + 2 m/2 _ 2 
— deat { In(sin* ¢) aal { In(1—cos* f) a 


> cost 2% cost a% cost 
17 1 wo cos?”*? 1 Co) 1 ml2 ; 
a Y dt =-~)— | cos’”"tdt. 
2%, cost (7 n+l 2p es, 


We see here the well-known Wallis integral 


m/2 n 2 =1 
| cos’”"'tdt = ‘ 7 
2n+l\ n 


0 


138 Special Techniques for Solving Integrals 


and therefore, 


m/2 : A a) -1 
{ In(sin ¢) He 1 3 4 n 
cost 270 ( +1)(2n+1) 


0 


The inverse binomial series here can be evaluated by certain means 


o 4” on =1 Va 
+” 4 


and we find 


1 


i *In(sint) _ 


) cost 8 


Example 3.2.21 


We show a solution to Monthly Problem 12221 (December 2020). Prove 
that 


gz floset+D ue “log6— ag. 
5. oe 


For the solution we make the substitution x = tan¢ and write 


ala P - 
J= J log(+ tan‘1yat = | og{ S08 Sin 


cos® t 


ala m/l4 


= J log(cos® ¢ + sin®t)dt — 6 J log(cosf)dt = A-6B 
0 0 


where A and B are the two integrals. The value of B is known from 
Example 3.2.1 


ala 


Ga 
B= | eater) di= 5 gine 
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To evaluate A we use the trigonometric identities 


cos°t+sin°t=1—3cos*tsin?¢ and 2costsin¢ =sin2t¢ 


m/l4 ml4 


A= i log(cos® ¢ + sin®t)dt = i) log(1—3cos’ tsin*f)dt 
0 0 


al4 a/2 


3 1 3 
= | log(l1——sin’ 21)dt =— | log(1-—sin’* 0)d@ (2tr=6). 
J tos 7 Me) et )d0- (2t=0) 
Now we expand the logarithm and integrate term by term 


i as 0 1 4 n 1 & l 3 n (x/2 -_ 
A=-— —) 2" Se ese 2n 
4 He4(2) sin ah ao s+(3] i sin oad| 


0 n=l n=l 0 


S12) EI 


according to the Wallis formula (see Section 5.8 in Chapter 5). 


The series can be evaluated by using the well-known generating function 


5 re - diog{ tvimas Minas) (jx|<1/4) 
n 2x 


n 


n=1 


(see [32]) which gives 4 = 5 lo83 ~rlog2. Finally 


J=A-6B="In6-3G. 


The same technique solves Problem 2107 in the Mathematics Magazine 
(vol. 93, December 2020). Namely, 


fo) 


6 
[2829 a = rlog6. 
0 


x #1 
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3.3 A Binet Type Formula for the Log-Gamma Function 


In Example 3.2.11 we used the second Binet formula for InT(/) 


(pe A) a 
ee —l 


(3.49) Inr(a)=[2 sina a+ ae? 


0 


in order to prove the interesting evaluation 


eo ie 1 In2z 


err 2 4 


It is desirable to evaluate also the similar integral 


{ arctan(x) ik 


em 4] 


which is not present in the popular tables [25] and [43], but appears in 
Brychkov’s handbook [20]. For the evaluation of this integral we need a 
Binet type formula like (3.49) where the integral will have denominator 


e*™* +1 instead of e*** —1. We will present this formula here. 


Formula (3.49) is usually proved by using the Abel-Plana summation 
formula 


(= N-IC eo) 


e2"* —] 


Li =2P+ [reorder 


valid for functions holomorphic on the half-plane Rez>0 with certain 
growth conditions (see Whittaker-Watson [48, pp. 145-146]). A similar 
Abel-Plana formula exist with e*”” +1 in the denominator 


n=0 +1 


(3.50) Ys [m4 1)- jee jiazte ix) 5 


(see, for example, Frappier’s paper “A generalization of the summation 
formula of Plana” in the Bulletin of the Australian Mathematical Society, 
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59 (1999), 315-322). Using this formula we will prove the following 
proposition (a different Binet type formula). 


Proposition 3.1. For Rez >0 


oer int (z+4)=z2inz—z+ Inve ~2] SOT) 
2 ee 


Proof. We apply (3.50) to the function 


f(x) = 


=e 


and first we evaluate 


{ epee =-_ 
i X+2Z 


0 


Next we compute 


I (ix) - f(-ix) = —_-__- —Sa ee 


ie fe =) = _ af XZ 


d. 
Dax | 5 (Zz 4x ge Came +1) mM 


and therefore, (3.50) implies 


(3.52) Y(n+2+4 y= - re Pee haa 


n=0 


It is easy to recognize the series on the left-hand side here. The digamma 
function y(z) has the series representation 


y(z)= rd( : 


n=0 nN+Z 


(y=-y(l) is Euler’s constant). From this 
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oO 


w'@)= 2 


aa 


and so (3.52) becomes 


v [e+ x\-1 : re ae Tih 


Integrating this equation with respect to z provides 


1 iF x 
4+—]/=Inz+2 ax+C. 
v(z *| ° J (42 Ver 41 


Setting z—oo and using the fact that lim(w(x+n)-In(n))=0 (see 


entry 8.365(5) in [25]) we find C=0. Thus we produce the interesting 
representation 


(3.53) y[eet 1)- Inz+ 2 Aes ye 


This is entry 4.1.2(17) in [20]. 


Remembering that y(z) = (InI'(z))' we integrate equation (3.53) to find 


+2 Beane ie 


2a. 
é€ 


int(z+4)=z2inz~2+ 


0 
and setting z>0 we find C=InI(1/2)= InJz . 
At this point we have proved the representation 


pane / *) oy 
*+1 


(3.54) int (z+4)=zinz- oui) 


which is equivalent to (3.51). To obtain (3.51) from (3.54) we use the 
identity 
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ner (5 x 
arctan — = arctan 
x 2 Zz 


so that 


3 { arctan(z / x) 


a > { arctan(x / z) is 
e+] 


em 4) 


* I 
de=1| aa 


0 


where the integral in the middle is easy to compute 


fi! f@ jects sae 
oat alco Lore a 


0 Un=l 


36 o) a) n-l 
= x) (- yf e2*™ dy = x). — = sin =In 2 ; 
n=l an 


n=1 0 


Replacing now the integral in (3.54) we come to (3.51). The proof is 
completed. 


Now we set z=1 in (3.51). On the left-hand side we have 
InP(3/2)= in Sr (2)| = in =inae —1n2 
2 


and we compute 


(3.55) 


2ax 


{ en 2 In? 1 
ne 4 


(entry 4.1.6(135) in [20]). 


3.4 Some Theorems 


Theorem A. Let f(x) be a piecewise continuous function with Fourier 
series 


— xt > (a, cosnx + b, sinnx) 


n=1 
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in the interval (—2,7). Then for any two numbers a<b from [-a, 2] 
we have 


b ao bd 
| f@dae= rau —a) +> [ (a, cosnx + b, sinnx) dx 
a n=l q 


whether or not the Fourier series of f(x) converges. 


(See [23, vol. 3, Chapter 20] or [46, p. 125].) 


In some examples we integrate term-wise functional series. The operation 
is supported by the following theorem (see [23, vol. 2, p. 436]). 


Theorem B. Let 


fo=Yu,00) 


n=0 


where the functions u,(x), n=0,1... are continuous on the interval [a,b] 
and the series is uniformly convergent on that interval. In this case 


b ao b 
f(oae=> fu, (x)dk. 
a n=0 a 
Uniform convergence is assured by the classical criterion of Weierstrass. 
Theorem C. /f |u,(x)|<c, on [a,b] for every n=0,1..., where the 
series bas is convergent, then the series ye (x) is uniformly 
n=0 


n=0 
convergent on [a, b]. 


(See, for example, [23, vol. 2, p. 427].) 


Proofs can be found in the corresponding references. 


Chapter 4 


Evaluating Integrals by Laplace 
and Fourier Transforms. 
Integrals Related to Riemann’s 
Zeta Function 


4.1 Introduction 


The Laplace and Fourier transforms can be used to solve integrals directly 
or by means of Parseval’s theorem. In this chapter the reader will find 
examples of both techniques. 


Among other things we prove the Fresnel integrals and several important 
integrals involving trigonometric and hyperbolic functions. The reader 
will see how the functional equation for the Riemann zeta function can be 
derived from two special integrals. Another special integral is used to 
prove Euler’s formula expressing ¢(2m) in terms of Bernoulli numbers. 
Same is done also for Euler’s L(s) function. The functional equation is 
derived and the connection between L(2n+1) and Euler’s numbers £,, 


is proved again using certain integrals. At the end of the chapter we show 
how the functions ¢(s) and L(s) can be used to evaluate integrals. 


Also in this chapter the reader will meet the interesting exponential 


polynomials which are used for the evaluations of some nontrivial 
integrals with the gamma function. 
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4.2 Laplace Transform 


We use the standard notations. The originals f(t) are functions defined 
on [0,0) and their images F'(s), 5 >0, are given by 


P(s)= Lf} =| fear 


Needed are mostly the formulas 


S : 
L{cos at} = =—,, L{sin at} = ,=—, 
s +a Ss +a 


and also 


T(p+l 
1? =e, L{e*"}=—— 


where —1< and a are constants. 


Good references for the Laplace transform are the books [22] and [42]. 
An elementary way to use the Laplace transform for evaluation of integrals 
is to change one integral into another with a known value. A more powerful 
method is to introduce a parameter into the integral and evaluate the 
Laplace transform of the resulting function. This method will be illustrated 
by several examples. 


Example 4.2.1 


We want to evaluate the integral 


For this purpose we define the function 
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f= { xt - a ck 


and apply the Laplace transform 


Lif(O}= [fe a | edt 


0 


=| 5 for-sinanye “a d= [343 = cf as 
o~ o~ Se SEX 


s 0 S +x S S 
Therefore, 
T 2 
fat 
S(t) 
and with t=1 
pacts ae 
~ 4 
Example 4.2.2 


Here we prove the evaluation 


el 7 3 
sin x 37 
4.1 dx =—— 
(4.1) i( : b= 


(this is entry 3.827(4) in [25]). Defining 


f= (=) 
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and using the decomposition 
ar | oon : 
sin’ 0 = Fie —sin30) 


we compute 


up=4 


0 


f {3 sin(xt) — singe) 


0 


3x 3x dx 1 
2,2. 2 2 3.7 i 2, .2\/,2 a ax 
Sotx° si t+9x°Jx Ue te IS oe) 


i 
-4j 


0 


a 3 [= |. 
ae\ 2 2) ds? 


0 


3/3 3x 1 x 

= 3 arctan arctan 

As* ls Ss Ss KY 

37, 

=— Lit 

5 {t} 

so that 

3x 
fO=sr 


and (4.1) is proved. 


In the same way one can prove the other integrals from the group 3.827 
in [25]. 


Example 4.2.3. The Fresnel integrals 


For this example we need some preparation. First, using Euler’s beta 
function 
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in _TMre) 


Ba) la aay T(ut+v) 


we evaluate one important integral (with v =1—w) 


ice} 


u-l 
[Ra =rerd-w=—— @<u<). 
jit+t sin zu 


Here we change the variables by setting f= x’ /s°,s >0, and then also 
2u—1=q to get 


oe mag, 
(4.2) [atk = eet, -1< qx. 
0 


This integral will be needed very soon. 


Now we turn to Fresnel’s integrals. The two integrals 


C= [cos(e")az, S.= [sine ae 
0 


0 


where a@>1, are known as Fresnel integrals, named after the French 
mathematician and scientist Augustin-Jean Fresnel (1788-1827). The two 
special transcendental functions 


C(x) = feoste? dz, (x)= fsin(e*)d2 


0 


have important applications in optics. 
We will evaluate C, and S, by using Laplace transform. First, the 
substitution z“ =x brings to 


C,=L fx? cos(x)de, 5, = Lf x? sin(x)de 
a at 


where p=1- 2 with 0< p<1. We define the two functions 
a 
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C(t) = fier cos(xt)dx, S,@= tix sin(xt)dx 
a 0 a 0 


and compute their Laplace transforms 


Lc} 2 2 feosne ta] de] = dx 


anx +s 
te. |e. 12 x 
L{S,()}=—[ x? | f sin(xt)e dt pede =—[—ydx. 
a 0 0 a 0 x es 
According to (4.2) we have 
ir 
LiC,@MO}= F see ea gee AP ie, 


2as? 2 aso 2-«~*T(p) 


L{s, (O} = 7 ogo AP = 
2as? 2 2a 2. Dp) 


and therefore, 


eo 
CL@= seca? S_@O= Z esc? 
2al(p) 2 2al(p) 2 
or 
io) pt?! 
las? cos(xt)dx = . sec? 
0 2(p) 2 


Pose mt? 
fx ” sin(xt)dx =——— csc — 
0 2(p) 2 


(see entries 3.761 (4) and 3.761(9) in [25]). 


Now since 
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lL 1 _ Td /a@)sin(z/ a) 
T(p) Td-1/a) 1 


we come to the evaluations 


1 1 
C,(t)=—I| — |cos Tope, S h= “(2 sin". 
a \a 2a a \a 2a 


Setting ¢=1 we find 


[cos(e* )dz = Ea (=) cos 
4 ae ao 


[sin@*)a = : r( : )sin is 


: a \a 
which are practically entries 3.712 (1) and 3.712(2) in [25]. 


Problem for the reader: Show that the integral 


co rt?! 
a cos(xt)dx = Zz sec? 
0 2(p) 2 


can be written in the form 


[ x" cosardx = 8*9 in (t>0, —1<Res<0) 


0 


pr! 


by setting p=-—s and using the property of the gamma function 


rord—4=-—" 


sin 7Zz 
(This integral will be needed later in Section 4.7.) 


Remark. The import integral (4.2) appears also in disguise as entry 
2.5.26(7) in [43], namely, 
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m/2 


tan“ xdx = sec (#) (\Rey|<1). 
) ae: 


The substitution tanx =f,¢=arctanx transforms this integral into 


2 4H 
je =at = seo( 
ee 2 2 


which is equivalent to (4.2). 


A problem for the reader: Show that 


eu 4a 


z+1 


12 


(A>0,0<Rez<l). 


5 zsin(zz) 


Example 4.2.4 


We present a solution to Monthly Problem 11650 (2012, p. 522) where 
Laplace transform is used. The problem is to evaluate the double integral 


00 00 2 2 
Aa (eo sin? (x? + Pg eee aie =f dydx 
J J (x+y) 


Introducing polar coordinates x =rcos@, y=rsin@ where 


0<r<o, {2620 
4 2 
the integral becomes 


re =r? (I-sin20) .+ cos = 
A=|[[e sin’ (r? )———  r d@dr 


0 2/4 
and after the substitution ¢=r? 


A=afe([= sme a e928 cos 20.d6 dt 
2 ala 


0 
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00 : 2 00 . 2 
_1ly +f sint tsin20 |z/2 _lp if sine t 
=zle (=) (e eal ; (l-e )dt 


0 
ale (#4) a—t(4) aes 
45 t 4o\ t 


The Laplace transform integral 


J(s) =[e (=) dt 
t 


0 


is known, this is entry 3.948 (4) in [25] 


2 
Ss 


S S 0 
J(s)=—lo —arctan—+— 
(s) 4 . 4 2 2 


s+ 


and with s=1 an s=0we find A =2(4) —J(0)), that is, 


A= oe ‘aican 
5 4 


For the convenience of the reader we give the evaluations of J/(s) here. 


Differentiating twice and using the Laplace transform formula for the 
cosine 


‘ lf (1s 
J"(s)=|e" sin’? tdt =— | e*' (l1—cos 24) dt =—| —- ; 
os J 2 s(t #4) 


Integrating this we find 


2 
S 


+4 


1 1 1 
J"(s) =—log s ——log(s” + 4) =—lo 
(s) Pe eer g(s° +4) Ze 


(with s— oo we find the constant of integration to be zero). Integrating 
again 
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Ss Ss ; Ky 
J(s)=—logs ——log(s° + 4) —arctan—+ C 
(s) 38 4 g( ) 5 


and with soo we compute C= s The formula is proved. 


Example 4.2.5 


In this example we prove two interesting integrals 


A= [rte cos bt dt = = cos [» arctan > 
0 (2 +b)? . 


B= [rte sin bt dt = ee sin( arctan >) 
. (+B?) ‘ 


with x,a>0 and b an arbitrary real number. These are entries 3.944(6) 


and 3.944(5) correspondingly in [25]. 


The two integrals can be viewed as Laplace transforms of ¢*' cosbt and 
t’'sinbt. For x=1,2,3 they can be computed by differentiating with 
respect to the variable a the Laplace transforms 


° a 7 ay b 
few cos bt dt =—,—_._ and fe “ sin bt dt =——, . 
; a+b ‘ a+b 


For arbitrary x >0 this method does not work. Fikhtengolt’s [23, Section 
539] gave a nice evaluation of A and B by using a differential equation. 
We will prove the integrals here by using the definition of the gamma 
function 


(x)= [rvetar 
0 


First we make the substitution ¢ > ct,c >0 in this integral to get 
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T'(x)=c* ‘ fe at 
0 


and then we extend the above equation to the right half plane for complex 
numbers c=a+ib,a>0. Thus 


T(x)c* = frrete dt : 
0 
All we have to do now is separate real and imaginary parts in this equation 
by using Euler’s formula 
-ibt ss 
e =cosbt—isinbt 


and also by using the polar representation 


. b 
at+ib=(a’ +b’) ec’, 6=arctan—. 
a 


This gives 
co = (at CS = (a a bh? te e x8 
*L\-x 2 2\-x/2 b oo: b 
(a+ib)* =(a°+b°) cos x arctan— + isin x arctan — 
a a 


so comparing real and imaginary parts proves A and B. 


With “=> in A and B we find 


+ ar COS bt Vax c 2) 
fe dt = 7 cos} —arctan 
vt 2 a 


(a’ +b)4 


e dt = va - sin{ Laretan® 
0 vt a 


(a +b’)4 
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and now we can use the identities 


a 


cos" Faretan® eee 
2 G/ 2 Va +h’ 


ia [ 1 2) 1 a 
sin arctan — |=—| |- 5 
2 a) 2. Ja +B? 


to write the curious integrals 


jew Sas - pes a +a 


0 


fer as - phe b +a’ =a 
0 


Differentiating n-times these integrals with respect to the variable a we 
prove the strange looking entries 3.944(13) and (14) in [25] 


jx” 2g “cos bt dx = wes a Vb? +a? ee 


os 


jx” 2e"** sin btdr = (- yee Ve +a? +a a 


da" VP +a? +a 


Example 4.2.6 


This is a solution to Monthly Problem 12260 (AMM, June-July 2021). 
Show that 


a ‘. 
y=f™ x xsinx 5 _ 1 in?2. 
4 x 2, 


Integration by parts gives (the middle term is zero) 
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ioe) . . 
sin 2x —sinx —xcosx 


J= i 5 dx 
2% x 
and now we introduce the function 
~ —s, sin2x —sinx—xcosx 
F(s)=[e* : dx (s>0) 
x 
0 


which is the Laplace transform of the integrand. Differentiating with 
respect to s twice gives consecutively 


dx 


ioe} . . 
_,» Sin2x-—sin x — xcosx 
F(s)=-[e ae a 


0 x 


F"(s)= few (sin 2x — sin x—xcosx)dx . 
0 


Using the properties of the Laplace transform we can write this in the form 


2 1 d s 
E'(s\= + 
~ gs 44 6°41 dy 9°41 


and now we can integrate back to find 


s 
F'(s) = arctan —— arctan s + 
2 s +1 


(the constant of integration is zero, as limF'(s)=0). Integrating this 
so 
again (the arctangent we integrate by parts) we come to the explicit form 


2 


F(s)=In— 


2 


+1 S 
+s] arctan——arctans |. 
4 2 


The constant of integration is zero again as lim F(s) = 0 (a simple calculus 
soo 


exercise for the reader). Setting s =0 we compute 
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1 1 1 
J =—F(0)=—(-In4+1)=—-In2. 
oe = 


4.3 A Tale of Two Integrals 
Here we consider two interesting similar integrals. For ¢>0, let 


cos ae 


(4.3) A(t)= le 


sin as 


(4.4) B(t)= je 
Both integrals can be viewed as Fourier cosine and sine transforms of the 
function (x* +1)". They really look very much alike. 


We will evaluate both integrals now by using Laplace transform and 
it will become clear that the two functions A(t) and B(t) are quite 


different. 


Thus 


L{A()} = [fee is] eter 


1 |F - 

: [Jeosone “ats 
sa a ies 

, il s s e{ 1 1 

= ax = = dx 
Iaiet| lly eral 


“an Sify 1) #7 1 
9 28-1 sg} 2541 


1 x 
a3 {atetans arctan 
1 Ss S 
so that 
LA} =F Le}. 


Therefore, 
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wT _ 
A(t)=—e* 
2 


(This result was obtained in Chapter 2, Example 2.3.2 by a different 
method.) The integral is entry 3.723(2) in [25]. The change of the order of 
integration above is easy to justify and we leave it to the reader. 


Now we try the same technique on the second integral (4.4) 


L{B(t)} = il — iletar= jr [feostne “ats 


1 |1 orl 
2 In 2: 
s -1/2 x +s 


‘ s'—-l 


Ins 
—| 


That is, 


(4.5) DBO 


and it is not clear what is the original for this Laplace image. 


Consulting the table of Fourier sine transforms [5] we find that 


[sn a. -s[e'Bi Ei(t) — e' Ei(— ‘)| 


4x +1 


where Ei is the exponential integral function 


Ei(f) = | at 


and Ei(t) = 7 (BiG +10) + Ei(t — i0)). 
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A good reference for the exponential integral is [40]. 


This evaluation exists also in the popular tables [25] and [43]. It can be 
traced back to the handbook “Nouvelles tables d'intégrales définies” 
(Amsterdam, 1858) by the Dutch mathematician David Bierens de Haan. 
The integral appears there as number 7 in Table 204 on p. 282. (In the 
improved 1867 edition of this book the integral appears as number 3 in 
table 160 on page 223.) This integral possibly originated in the works of 
Joseph Ludwig Raabe (1801-1859) and Oscar Schlémilch (1823-1901) - 
see the historical note by Nielsen on page 24 in his book [39]. The integral 
is sometimes called Raabe integral. 


The exponential integral Ei(¢) is not a very convenient function. We prefer 
to evaluate B(f) in terms of the entire function 


Ein(¢) = ae ms 


which is related to the exponential integral by the equation 


Ein(-t)=7v+Int-Ei(t), ¢>0. 


Here y=—y(l) is Euler’s constant and y(z) = <n T(z) is the digamma 
Zz 


function. With the function Ein(t) we do not have to deal with one-sided 
limits. 


Proposition 4.1. For every t>0 
(4.6) B(t)= le’ Ein(t) - e~ Bin(-1) |- (Int + y)sinhr. 


Before proving this evaluation we need to prepare two known facts. 
First let 


. se oe le, oS H, =0 
2 3 n 
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be the harmonic numbers. Multiplying the two power series for e* and 
Ein(x) we write 


(4.7) eine) = SISSY ye |. ee 


k=l n=o 


according to the well-known binomial identity 


2 (n) (1 
s(7) k =a; 


(see [8]). Thus e* Ein(x) is the exponential generation function for the 
harmonic numbers. Their well-known ordinary generating function is 


(4.8) a = =H, x" (\x|<l). 
Second fact. The Laplace transform of the logarithm is 
t —st 1 
fe“ Intdt=-—(Ins +7). 

s 


0 


This is known. For convenience we give a proof. Differentiating with 
respect to p the equation 


I(p)= ea 
0 
we get 
I"(p)=s? In sf te "dt + ele (Int)e “dt 
0 0 


and then with p=1 we find the desired result since [''(1) =w(l) =-y. It 
follows that 
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[dnt+y)e" a= ee 
‘ s 


Proof of the proposition. We will compute the Laplace transform of the 
right-hand side in (4.6). First, for s >1 we have in view of (4.7) and (4.8) 


5 Efe" Ein(r) —e Bin(-)} 


_1A} 4, 1 < H, (-1)" 
“HE git! a n gl | 


n=0 n=0 


_1jin(st+))—-Ins_ In(s—1)-Ins 
2 s+] s-l 


=5 nm Ins 
2 stl s—l a 


Also 


L{(nt+y)sinht} = SH {ne +y\(e' — ev} 


=4(BG+D ne} 
“Oi eel ei 


by using the “s-shift” property of the Laplace transform. Combining this 
with the previous evaluation we see that the right-hand side in (4.6) 
becomes 


Ins 


Cee 
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According to (4.5) the proposition is proved. 


We will finish this section with three remarks. 


Remark 1. The above proof shows an interesting connection between 
B(t) and the harmonic numbers H_,,. Namely, (4.6) can be written in the 
form 


oi. roel 2n+1 
(me x +(Int+y)sinht = )}>——_H,,,,.. 
x +1 “3 (2n+1) 


Remark 2. In comparison to (4.4) the integral 


co + 2 
(es (xt) a 


2 
7 ee 


has a simple evaluation. Writing sin’ (xt) = (1/2)(1—cos(2x?)) and using 
the evaluation of (4.3) we find 


co - 2 
[= Dae F 6"), 


2 
0 


x +1 


More generally, using the representations 1.320 from [25] 


2-12 2 
sin?” x= ap ec 1)" 2cos2(n—k)x+ “| 


1 n-l 2n 2n 
cos?” x = —_ 2cos2(n—k)x+ 
9" pa k ( ) n 
2n-1 
cos?" x = — yf : Joo (2n—2k —1)x 


we prove the evaluations 
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oO - Qn n-1 
sin*” (xt) 1 2n “ty -2(n-k_, | 2 
ax = —1)" 2e + 
J x? +] peas pal k I ) n 
co) 2n n-1 2 2 
} = (xt) ae _ = n Ie 2b + n 
x +1 2 | SNK n 


0 


coo) 2n-1 nal 
cos’” | (xt 1 2H= 1) 45 p- 
i ( da = Je (2n-2k-1)t 


— 
x? | ee = k 


(cf. [25], entries 3.824 (1), (3), (6), and (7)). 


Remark 3. The famous Indian mathematician Srinivasa Ramanujan 
(1887-1920) discovered the equation 


5 SRO jp OO ca, 
> x +1 x +1 


(this was confirmed by contour integration in the recent paper by Bruce C. 
Berndt and Armin Straub “Certain Integrals Arising from Ramanujan’s 
Notebooks”, SIGMA 11 (2015), 083). From this equation we learn the 
value of the second integral as well. With t=0 we find again 


(jee dx =0 
ox +1 


(see Example 1.8.3). 


4.4 Parseval’s Theorem 


In this section we will work with the Fourier cosine transform and we will 
evaluate interesting and challenging integrals by using Parseval’s theorem. 


For functions f(x) defined on [0, ©) Fourier’s cosine transform is defined 
by 
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F.(y)= | £@)cos(ay)dr. 


Let f(x) and g(x) be two real valued functions on [0,00) with Fourier 
cosine transforms F'(y) and G.(y). Parseval’s theorem says that 


(4.9) [F.OG.Ody =| Fa) g(aax 


(see [22], section 2.14). We can evaluate hard integrals by using this 
property. The idea is to select such pairs of transforms that one of the 
integrals in (4.9) will be easy to evaluate and this will provide the 
evaluation of the other one. 


In the examples below we use Batemann’s table of cosine transforms 
in [5]. 


Example 4.4.1 


Consider the pair of Fourier cosine transforms 


_ pray eo 2 
a ———- _— 
y 0 x 
ua see ie fcosQ@y) 5. 
x + 7 


where a,b > (0. Parseval’s theorem implies 


co) pay —by 0 2 
ai > =f te S| a 
0 


as +h ° 


The integral on the left-hand side is a Frullani integral (see Chapter 5) 
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0 1- —ay\_-by 2 by _ -(ath)y b 
[Ree ay = [ay =n 
0 y 0 y 


and we obtain the evaluation 


>< fin ae. dx 
: +h 
This integral is equivalent (through a simple manipulation) to entry 


4.295(7) in [25]. 


Example 4.4.2 


Here we work with the pair of cosine transforms (a,s > 0) 


where (4.9) implies 


= fer “de ; 
y +5" 0 


' 1 ae 
Setting a= a and x =2t we can write this in the form 


00 ao 
Ss e «2 ~ipiey2 2 i 
—| sa dy =e” fe PO eae fe “du 
0 +S Ss 


va 


=e" Sl erf(s)) 


where 
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erf(x) = aay 


2 x 
le 
Vn 4 
is the error function. This way we have the evaluation 


8 2 
{ e? re * 
0 


g2 
dy = few du="(-erf(s)). 


(4.10) 
yo+s Ss 2s 


Ss 


In particular, for s =1 we obtain the interesting formula 


co -y? oo) 


Jr aye = Velo du. 


0 


Example 4.4.3 


The third pair we employ is 


( 1 a )-FE a 


2\y? sinh’? zy e* -1 


mB pt t -B 
— sec— yy” =| x ” cos(xy)dx 
a(f) = 2 


where 0< <1. (The second integral was evaluated in Example 4.2.3.) 
Parseval’s identity gives 
x7 


: seo™ | J = y? dy =f ——dx 
20 (f) 2 y sinh’ zy ne 1 


=$(2-B)P(2-f). 


Here the last equality comes from the well-known representation 


s—l 


CoMr(sy= [= 


[ (Res >1) 
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for the Riemann zeta function ¢(s) (see below Section 4.7). 
The result can be simplified by using the properties 


I(A)rd- £) te sin 72 = 2sin 7 cos 


and we write 


i|5-aa5)"9-0 pyese@E(2-B). 
y sinh’ zy 2 


Also, with the substitution 1-8 =a, 0<a<1 this becomes 


f -a ma 
(4.11) i+ ~ Sh? |) a are 


or 


2 
a my - ma 
1- dy = masec—C(1+@). 
(| (<=) i ly 5 o(l+a) 


With a — 0 in (4.11) we easily compute 


(4.12) (3 ae aa |oea 


Example 4.4.4 


From the pair 


pay ~ 2 
: l-e = jf + =) cos(xy)dx 
y 0 x 
a TB prs _f-p 
— sec— yp" =| x” cos(xy)dx 
2r(B) 2 J 


Evaluating Integrals by Laplace and Fourier Transforms 169 


(a>0, 0< #<1) we obtain the equation 


1 mp ¢ . by tT - a’ 
sec— | (l-e*”)y* "dy =| x rine SJ 
T(p) 2 x 


Integrating by parts the integral on the left-hand side we find 


Jd-e° yay 
0 


a TAH_ TH 


“1p a" aA-B) 
(the limits of (1—-e“”)y*" at co and Oare zeros). 


This way the equation takes the form 


1 mp - » a 
(4.13) Fa-py ; = (r+ Ja 


This integral is equivalent to entry 4.293 (10) in [25]. 


Example 4.4.5 


Here we work again with the two integrals 


é mB p-1_( -p 
—— sec— yp" =] x " cos(xy)dx 
a(f) 2 
» =e 
+b 
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(0< #6 <1, b>0). Parseval’s theorem implies 


foo} ioe) —-B 
da seo [ ye dy = [-—— 5 Gh. 
2bT (f) 2% Wx +5 
Since the first integral here equals '(f) / b”, the left-hand side simplifies 
and we come to the important integral 
-p 


1 mB oF x 
4.14 sec—— = | — dx. 
a a) J x +h 


This integral was evaluated also in Example 4.2.3 by using Euler’s beta 
function (cf. Example 2.3.21 on p. 116 in [34]). 


Example 4.4.6 


Using the pair 


5 sech (=) = J cos(xy)sech(ax) dx 


co) 


Thy cos(xy) 
ae” =| Bea G2 
2b »x +b 


(a, b>0) we find 
fe sech (=) dy = (pce dx 
2ab*, 2a oe eo 
With a=z/2 this becomes 


—by 


J cosh y 


0 


t mx) dx 
dy = b\ sech| — ; 
e J [ 2 )s +b? 
The integral on the left-hand side will be evaluated in the next section in 
terms of Nielsen’s beta function ((x). Namely, 
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te” b+1 
(4.15) dy= (24). 
las 2 


This way we have also 


4.5 Some Important Hyperbolic Integrals 


4.5.1 Expansion of the cotangent in partial fractions 
We will need the expansions of cotx, tanx,secx in partial fractions. 


These classical expansions can be obtained from the famous Euler 
formula 


‘ = x? 
sin x = TI{: -=) 
n=) wn 


expressing the sine function as an infinite product. 
Let 0<x<z. We take logarithms of both sides to get 


i) 2 
Insins=Inx+ Soin : -| 


n=l wn 


=Inx+ > finan? —x°)-In(x’n’)} . 


n=l 
Differentiating this equation we come to the expansion 


cosx 1 = 1 
——=cotx= -2x>) = 
sin x x Lan x 
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{: <= 1 1 
=—+ + 5 
x (+. x+7Nn 


Replacing here x by xi we find also the representation of the hyperbolic 
cotangent 


1 = 1 
cothx =—+2x >) ———_.. 
x Lag 


Next, replacing x by as in the cotangent expansion and rearranging 


that series we come to 


2 1 1 
tan x = a + 
(— io: ons) 


n=1 


which can be written in the form 


7 1 
tan x =—8x . 
2 4x’ —(2n-1) 2° 


The substitution x — xi provides the expansion of the hyperbolic tangent 


= 1 
tanh x =8x [Ses 
2, 4x? +(2n-1) x 


Similar expansions hold for secx and cscx . We know that 
2tan~ 
2 


sin x = 
x 

14+ tan? — 

2 


and from here 


1 [ x = 
: =—| tan—+cot : 
sinx 2 2 2 


Evaluating Integrals by Laplace and Fourier Transforms 173 


Adding the expansions of tan and cots we obtain after a simple 


adjustment 
1 1 < : 1 1 1 =, (-1)" 
=—+ 1 ue =—+2x) —~—~_., 
sinx x 2 ) =— —_) x Lae 


Replacing x by = x and rearranging the series we find also 


1 = (-l)"(2n+4+1) 
=4 2,2 2° 
cos x mo (2n +1) a —4x 


Here again the substitution x — xi gives 


eo) 


Loe 


sinhx x =e eS 


Lg Se _CY"2n+)) 


cosh x “4 (2n+1) n° +4x? © 


Example 4.5.1 


We prove now the important integral 


 sinxt 


0 sinh 
2 


dt = tanhx 


by using the expansion of tanh x in partial fractions. We write 


~2 —nt/2 


dt = 2/ sin xt i 
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=2f sins So “okie Na 


25 8x) = tanh x 
4a 2(n+1/2" Ax +H a 


according to the expansion of tanhx obtained above. 


This integral will be used later in Section 4.7. 


Example 4.5.2 


Using the expansion of cothx in partial fractions we will prove here one 

very interesting integral, namely, 
¢ sin xt 1 1 1 
i) ; w= + >. ; 
ne = 2 6 =I, 2% 


For x > 0 we write 


© sin xt ° 
i) dt = i) sin os 
eS] 


0 


n=1 


sat=| sinat| Ye wld 


ole _ a 4 1 1 
oe [sinxre “dt } =) ——— =—cothax-—. 
males mix +n 2 2x 


At the same time 


HX —1MX WX 
a me” +e m (e +2e”") 
aes IX —HXx = MX —JEX 
-—e 2 e -e 
a me ™ a a 


and the proof is completed. 
This integral will be used later in Section 4.9. 
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The integral 


J =— Pen ee 
A | 2 x 


appears as entry 3.911(2) in [25] and as entry 2.534(4) in [43]. 


With rescaling we can write the above integral in the form 
foe} : -A 
{ oe a= 142-2 - 1 
eo =) 4 l-e*}) 2A 


= 142) e" aoe 
4 k=l 2A 


or 


ye = a | a dt. 
C 0 


eo" =] 


Differentiating n times with respect to 2 we find 


foo} ! o n 
ew = = +20)" fsin( 42+) as 
; 2 Je 


1 2at 
= Ae a =| 


This representation can be used to solve the American Mathematical 


Monthly Problem 12075 (2018). The problem is this: 


co 


Let x,= Pas /e*. Prove that lim(x,/n!)=1, but the sequence 
k=l no 


(x, —n!),,, 18 unbounded. 


Indeed, we have with A =1 
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and in 2 — - 0 since the right-hand side approaches zero. We can 


n>o\ yl 
estimate this way 


an. a 
!) —1|<— | ——— 
I(x, /n!) Sal ara 


el pa ee 
n\(2n)""" 4 e! = 1 (27)’ 


0 


and the sequence ¢(”+1) is bounded. For the second part of the problem 
we can write 


4m 


X4, — (4m)! = 2 sin 5 at 
0 


at 


e 
which is an unbounded subsequence of (x, —n!),.,. 


Problem for the reader: Prove that for x >0 


(#a-2 7 esch wx 
e' +1 2x 2 


0 


(entry 3.911(1) in [25] and entry 2.5.34(2) in [43]). 


4.5.2 Evaluation of important hyperbolic integrals 


Consider the function 


1 x-l 


(4.16) Oe =(——du= 


mute «us! 


= 


ee 
dt 


,e tl 
for Re(x) #0,—1,-2,... This function was studied and used extensively 


by Nielsen and is sometimes called Nielsen’s beta function. It was called 
the incomplete beta function in [16] (see also [35]). 
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The first equality above follows from expanding (1+) in geometric 
series inside the integral and then integrating term by term. For the second 
equality we use the substitution wu =e" 


The function (x) is closely related to the digamma function y(x)= 
(d / dx)InI'(x) which has the series representation 


vary } 


n+1_ n+x 


Comparing this series to (4.16) we see that 


oS) 


Now we prove the evaluation (4.15) 


co —by o —(b+l)y 


co —by 
e e e 
dy=2 dy =2 ad 
lear 4 le - ewes 4 


0 


=2fe -(b+1)y apx 1)" en hay ye Dfe ey dy 


0 n=0 n=0 


apy es 


“3 04+14+2n 
That is, for every b> 0 
(4.17) f ae 2 a 
, cosh y . halon 


Comparing this to (4.16) proves (4.15). We can also write 


eae Pe (22) (24) 
J coshy 2" | te dae 
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Now let | y|<1. We will prove the important formula 


00 


(4.18) } cOsay) dx == sech| = 
») cosh x 2 2 


known as Ramanujan’s formula. It shows the invariance of the hyperbolic 
secant under the cosine transform (entry 3.981(3) in [25]). We write 


f cos(xy) a | ev ie ¥ it 


) cosh x 2%, cosht 


=2 j++ _*__ 
mo |2nt+l—-yi 2n+1+yi 


= 2n+1 


=a) y (2n+1P+y? : 


n=0 


In the last series we recognize the expansion of “seen( 22) in partial 


fractions obtained above and (4.18) follows. (See also entry 6.1.62 in 
Hansen’s table [26].) 


We can write (4.18) in the form 


00 


je con 1 _ me 
cosh x em 4 e214 et? 


my/l2 


my/2 
0 


and integrating both sides with respect to y we find 


0 my/2 


f sin(xy) ao =2/ e que 
xcosh x l+e” I+e” 2 


0 


y 


dem” ay 
=2( =2arctan|e? |+C. 
l+e” 
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With y=0 we compute C = = so that 


oo 


(4.19) [2B ade = 2aretan pe jee 
» «cosh x 2 


which is entry 4.111(7) in [25] and entry 2.5.47(6) in [43]. 


Next we evaluate the integral 


oe) 


f sin(xy) ze 


) cosh x 


which looks simpler, but in fact, is not. We will evaluate it this way: 


pl" — 2) _ f elv Hen i cos(xy) i sinGy) 5. 


2 cosh x cosh x ) cosh x 


0 


so that 


fo9) 


sin(xy) l-iy = (-1)” 
ow eae a= tmp 2 jatar 


where we used (4.16) for the series representation. 
Prudnikov et al in [43, entry 2.5.46(4)], and Gradshteyn and Ryzhik [25, 
3.981(2)], give the evaluation 


ioe) 


[a= (=) (22) anh 2 
cosh x 2 4 4 2 2 


0 


The same evaluation can be found also in [5]. 
Some other interesting hyperbolic integrals can be found in [17]. 


Problems for the reader: Show that 


180 Special Techniques for Solving Integrals 


tof +1) ak 
= dt= | tan” xdx 
5A 2 lie J 
for Rew >-—1 (entry 2.5.26(1) in [43]). 
oOo - 2 
[2 ae = Lin cosh(zry) 
xsinh x 2 


0 


(entry 2.5.47(3) in [43]). Also, for |a|<1, 5 real 


oo 


{ cosh(ax)sin(bx) pa sinh(zb) 
sinh(x) ~~ 2 cosh(zrb) + cos(zra) 


0 


{ sinh(ax) cos(bx) mae sinh(za) 
sinh(x) 2 cosh(zb) + cosh(za) 


0 
(entries 2.5.46(9) and 2.5.46(13) in [43]). 
Another problem for the reader. 


Using the expansion of sech(x) from section 4.5.1 and also equation 
(2.24) from Example 2.3.2 prove the integral (entry 4.113(12) in [25]) 


cos Ax ax 


: —= Ae’ +cosh(A)In(l+e~’). 
cosh(zx/2) 1+x° 


yA) = { 


Another possible solution: compute y"—y and using the integral from 


(4.18) solve the resulting second order differential equation by variation 
of parameters under initial conditions y(0)=In2, y'(0)=0. In this case 


the result comes in the form 
y(A) = cosh(A) In(2 cosh(/)) — A sinh(/) 


as evaluated by Ramanujan (see equation (12) on p. 61 in the Collected 
Papers of Srinivasa Ramanujan, Chelsea, 1962). 
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4.6 Exponential Polynomials and Gamma Integrals 


In this section we will evaluate some integrals containing the gamma 
function. We will use Parseval’s theorem for the Fourier transform and 
also a special class of polynomials, the exponential polynomials. 


Let p=. The exponential polynomials g(x) are defined by the 
ig 


equation 
(4.21) (xD) e* =@,(x)e* 
for n=0, l,.... Thus we have 
—(x)=1 
Q(x)=x 
Q,(x)=x> +x 
Q(x) =x? +2x7 +x 
Q,(x)=x*+6x° + 7x? +x 
Q(x) = x° +10x* +25x° +15x? +x 
etc. From the definition it follows immediately that 
Pnei(X) = X(P,(X) + P(X) - 


Using the Taylor series of the exponential function 


equation (4.21) can be written in the form (with the agreement 0° =1) 
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‘ ea) k'x" 
9, (xje* =>) 
io Kk! 
Another important property is this 
n n 
(4.22) PrB=XQ] JP). 
k=0 
Here is the proof. Starting from 
00 j2 
Q,(x)e* = », 1 
jo St 
we compute 
3 Je aye = SEIS "|b S Een" 
k=0 k : j=0 J! k=0 k j20 J! 
7 3c aie _ 1 (x) 
ce Gee 
as needed. 


The generating function for the polynomials @, justifies their name 
ex (el) = — @,,(x)t" ; 
n=0 n! 


Their coefficients are the Stirling numbers of the second kind S(n,k) 


9, (x) = DS, k)x* . 
k=0 


The exponential polynomials appeared in the works of Ramanujan, E. T. 
Bell, J. Touchard, Gean-Carlo Rota and many others. As indicated in [14], 
they appeared as early as 1843 in the works of the prominent German 
mathematician Johann August Grunert. 


We can write 
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d d 


x—=ax 
dx d(ax) 


for any nonzero number a, so equation (4.21) can be written in the more 
flexible form 


(xD)"e* =@, (ax)e*. 


With the substitution x=e' this becomes 
(4.23) (2) ce" =@ (ae')e"® 
* dt —,, - 


This formula describes the higher order derivatives of the function e“ 


Next we recall the definition of Fourier transform. For functions /(f) 
defined on (—0,+00) the Fourier transform F'(x) is defined by 


F(x)= f e' f(t)dt 


with inversion 


ii)= 3 f e'™ F(x)dx . 


—00 


We will use Parseval’s theorem. If g(t), G(x) is another pair original- 
image, it is true that 


[ F@)G@)dr= | SO sOat 


where the bar on the top indicates complex conjugate. 


In the following examples we will use Parseval’s theorem in the same way 
we used it in Section 4.4. 
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Example 4.6.1 


First we represent the gamma function as a Fourier transform. 
The usual integral representation of the gamma function 


[(z)=|x7 led, Re(z)>0 
0 


is a Mellin transform formula. It turns into a Fourier transform by the 
substitution x=e* and also by setting z=a+tit,a>0,-0<t<o 


7 : a 
T(a+tit)= eee da 
From this equation by inversion 


(4.24) 2neVe® = [eM (a+ inde. 


—00 


In particular, with a=1 we can write 


ive} 


2n(-e? ye = rae" =— } eT (1+ it)dt. 


00 


Differentiating n times with respect to 2 we find in accordance with 
(4.23) the formula 


2n9,.,(-e*)e® =—(-i)" | et" T+ itdt 


PEA is Oe 


(4.25) [emer s indt =-20i"9,,,(-e*)e* 


—o0 
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which represents the Fourier transform of t”I(1+ it). From here by setting 
A=0 we obtain the evaluation 


(4.26) } t"T (1+ it)dt =-27e'i" ¢,,,(-l) 


—oO 
with 
n+l 


Pr(-) = Do S(nt LADS. 


If p(t)=c, +¢f+...+c¢,,f 1s a polynomial we can write 
| POTA+ iat =-22e' DV ci OCD. 
ae k=0 
Differentiating n-times equation (4.24) we have 


r -e4 +\n t —iAt {Nn : 
22| — | e“e* =(-i) fe t"T(a+it)dt. 


—00 


On the left-hand side we use the Leibniz rule to compute 


n k k n-k 
2n( =| etter = (" (=) ee’ (=) ow 
da mo k J da da 
n 
= Jo (-e* yee a’ te™ 


a. -e# . n n-K 
=eVe YF acea a 


k=0 


This provides the Fourier transform formula (7 = 0,1, 2,...) 


ioe) : n n 
(4.27) } eo ""T(a + it)dt =2ni"eVe* Se Gea". 
=55, k=0 
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When a=! this turns into (4.25) in view of (4.22). When 2 =0 we have 


(4.28) } t"T (a+ it)dt = amie So Cia. 
k=0 


—oO 


Example 4.6.2 


We are going to obtain a new integral formula with the product of two 
gamma functions. We replace a by b>0 and 4 by A-w in (4.24) to 
write 


Ao- - ays 
Qmeme Meee" = [eve T(b+ inde. 


—00 


Now we apply Parseval’s theorem for this Fourier transform and the one 
in (4.27). The result is 


ios) 


Z n I 2 Ml 
amiteS 2 ums | e lat) 4 oe (ite p,(-e*)da 
k=0 


—00 


= fer T (a+ inl (b-it)de. 


00 


Returning to the variable x = e” we write this in the form 


} et" (a+ it) (b—it)dt 


—00 


n n Be _ 
tis -k pA 5} H 
=oni"e" > 4 a’ [a(x ng ered dy 
k=0 0 


n 


k 00 7 
: ane Stor Sstep CI! free de 
j=0 0 


k=0 
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n k . 
= ante (Mort S sth, pay 
k=0 j=0 


(1 + et aia 


This proves the evaluation 


(4.29) | e“t"T(at it) (b—it)dt 


—o0 


2 ante St Je M Ys, AD(-Y oni 


for any n=0,1,2,... and any a,b>0. In particular, when “ =0 


[ ¢T (a+ int (b- it) dt 


—00 


=n St oY sth DC ye 


For n=0 we have the Fourier transform formula. 


2 —bu 
(4.30) fe eT(a+ ibid = 220 (a+b) 


—o0 


ye ° 


Note that all gamma integrals above are absolutely convergent because of 
the well-known estimate ( / - a constant) 


1 
iesiiemi te” due), 


Example 4.6.3 


Let 0<a<b. We apply Parseval’s theorem to the pair of Fourier 
transforms 
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ae a ee ; 
meme eee” = | e “eT (b+ it)dt 

a —a f =i. 1 

—¢ 4s fe df 

a att 


—00 


(the first formula is from the previous example). The result is 


2n° [erttledte-oug ~e’e ay ees fe igt ae 
att 


—00 


————dt . 


a 


Wechange here w to —y and in the first integral we make the substitution 


x=e" to get 


{ ia 1 (6 + it _ 2a" F 7 Z ae 
Je it ( i fe alinx| y. 1 4b xe" ye 


re a 4 


b 1 ioe) 
2n’e™ -l =xe! —a-1 —xe# 
= fatter oe a dx 


a 0 i 
b et o 
_2n*e i 1 ae 1 Mey 2 
—_—_. fur’ ‘edu + fw a1 6" dy |(u = xe") 
u(atb) H(b-a) 
a e 
0 et 
Qn? 


= Le ““r(at b, e")+e"T(b—a,e")]. 
a 


That is, 


fe fue ne + it) TO+i) 4 


(4.31) 
Cs a 


= FT e"y(a +b,e"“)+e"T(b-a, e")| 


where 
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p 
1(s, p)=|x°te*dx 
0 
and 


iis p= [xo te*dx 
P 


are the lower and upper incomplete gamma functions. When a =b 


i int I'(a+ it) , 


> e ““y(2a, e”)—e“ Ei(-e" )| 
a +t 


Qn 
ral 


where 


oO -t 
Bi(x) = { at 
nee 3 
is the exponential integral function. When 44=0 we have 


ioe) as 2 
[C9 a= (a+b, +16-a.)). 
a +t a 


—00 


4.7 The Functional Equation of the Riemann Zeta Function 


The Riemann zeta function ¢(s) is defined for Res >1 by the series 


00 


f= 


Riemann’s zeta function has very important applications in number theory 
(the distribution of prime numbers) and in analysis. Its theory originates 
in the works of Leonhard Euler, who often used the function 


n(sy= > 


n=1 n 
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defined for Res >0. This function is known as Euler’s eta function, or as 
the alternating zeta function. Clearly, 


n(1)=In2. 
For Res >1 we have 
1 1 1 
=]—-—+—-—+ 
7(s) pee 3° 4 


1 1 1 1 1 
=| 1+—+—+—4...]-2) —+—+... 
De 3° 4 2° 4° 


=¢(s) -=6(8) 


That is, 7(s)=(1—2'*)¢(s), or 


1 
8) =——(s). 
$()= a) 
By means of 7(s) Riemann’s zeta function ¢(s) extends to the half plane 
Res >0 with a simple pole at s=1. 
A fundamental property of Riemann’s zeta function is the functional 
equation 


(4.32) 40) le sin Tr —s)¢(1-s) 
which helps to extend ¢(s) also for Res <0. For example, 
1 
-l=-—. 
c(-)) io 
Titchmarsh [45, pp.12-27] gave seven proofs of the functional equation 
(4.32) and several others exist in the literature. Here we present yet another 


proof of this equation based on some results in this chapter. Our point is 
to show that the functional equation follows from the two integrals 
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(4.33) EM ge Gaha 
> sinh 
2 
and 
(4.34) fx cos xt dx = — a 2 sin 
J t 2 


where t>0, —l1<Res<0O. 


The first integral can be viewed as a sine Fourier transform. It was 
evaluated above in Example 4.5.1. The second integral is a well-known 
Fresnel integral. It can be found at the end of Example 4.2.3. 


Here are some integral representations of the functions ¢(s) and 7(s). 


Proposition 4.2. For Res >1 and Reb>0 


(4.35) JS ar= 6 TENE) 

,e° =1 
(4.36) (ae =b°T(s)n(s) 

ee | 

t x -s _9-5 

(4.37) J Se dx = 2b (1-27 )T(s)o(s) 
(4.38) [xo (1— tanh bx) dx = 2(2b) °F (s)(s) 
(4.39) fe (coth bx —1) dx = 2(2b)“T(s)E(s). 


0 


In particular, from (4.36) and (4.38) 
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[par - 20-0? 
e +1 b b 


0 
and 


{tanh bx) de =" , 
, b 


Proof. For the proof we can take b=1. Then the general form comes after 
the substitution x — bx. 


Using geometric series 


poeta bl i socal a {demas 


After changing the order of integration and summation this equals 


= E|[erena roy = =T(s)¢(s) 


n=l 1 


and (4.35) is proved. Equation (4.36) is proved the same way. For (4.37) 
we write 


J aa ax = af —_ dx = a {> ed 


n=0 


= = |r — Ip Qntl)x = 
-S{i+ | MOL op ay 


n=0 


and (4.37) follows, because 


00 


1 eres =6)- 


n=0 


To prove (4.38) we write the function 1—tanhx in terms of exponentials 
and expand in geometric series 
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1—tanhx=1 a ae ae" 


et+e* Px 


e+e 


9° 


= — = 2» Sl ae ale : 
n=1 


l+e 


Multiplying this by x°' and integrating we obtain 


jeva- tanh x) dx = aris) & es 


2 On = 2(2) “T'(s)n(s). 


The representation (4.39) is proved in a similar way. 


Differentiating (4.38) and (4.39) with respect to the variable b we find 
two more representations 


(4.40) I'(s +1)7(s) 


[oa 
cosh” bx by" 


2 S 


x 
4.41 —.— dx = ——T(s+l)é(s 

ie | San? bx sn (s+ eG). 

The left-hand side in (4.40) is well defined for Res>-—1 and this 
representation provides the extension of 7(s) and ¢(s) for Res>-—l, 
since we have 


(2by"" 2 x 


4.42 = —— 4 
( ms) AT(s +1) 4 cosh? bx ‘ 


6()=—— 7): 


— 


Differentiating equation (4.33) we find also 


(4.43) 


This integral will be used immediately in the following proof. 
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Proof of the functional equation. 


For -1< Res <0 we compute 


oo 


ca | tcos xt 


x 5 dt 
dx=|x ax 
J cosh’ bx J 0 sinh 


0 


dt 


= ifs COS xt «| 
00 


sinh 
2 


00 =f. 


t 
TS 
-_r(s4nsin@ J] 
oS » sinh = 


dt 


s-l 
=-I'(s+1) sin o(2) rd-s)d-2°)ga- o} 
by using (4.34) and (4.37). Combining this result with (4.40) we find 


salt +1)(1-2'*)(s) 


=-I(s+1) sin f9( 2) rd—s\d=2"")2 (= o} : 


Simplifying this equation gives the functional equation (4.32). The 
restriction —1< Res <0 can now be removed by analytic continuation. 


The functional equation can be written also in the form 
_s WS 
(4.44) ¢(1-s)=2(2z7)* eS ee) 


by using the property 
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rd—s)P(s)=— 


sins 
We come to the classical result: 


Proposition 4.3. The Riemann zeta function ¢(s) can be extended as 
analytical function for all complex values s #1. At that, €¢(0)=—-1/2 and 
¢(-2k)=0, k=1,2..... 


Proof. The property ¢(-2k)=0, k=1,2,... follows immediately from 
(4.43) with s=1+ 2k. Setting s=0,b=1 in (4.42) we find also 


* 1 1 
2n(0) = dx = =). 0)=— 
7(0) pee eae n(0)=5 


and 
6 (0) =- Oa 
= —1(Q) = 2 


Notice that for the proof of the functional equation we used only the 
Fresnel integral (4.34), the derivative of (4.33) (which is the integral 
(4.43)), and the representation (4.37). The functional equation is “built 
into” the structure if the integral (4.33). 


Example 4.7.1 


The integral representations of the functions 7(s) and ¢(s) can be used to 
evaluate some difficult integrals. For example, differentiating with respect 
to s equation (4.36), that is, 


sl 


| a« =b“T(s)n(s) 
ee +1 


0 


we come to the equation 
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=—-b* InbI(s)n(s)+ b°T'(s)n(s) + b*T(s)7"(s) 


and with s=1 


eo) 


Inx Inb 1 1 
dx = -—7n (I) +—l'()y(1) +—7'(). 
[en Ot ST On +570 


Here 7(1) =In2, I'l) =T'()/T 0) =w) =-y and we write 


2) dais 1 1 1 
He" eine ee wy, 
la b TS aaa Le) 


The value of 77'(1) can be found from the equation 
m(s) =(1-2"*)6(s) 
and the well-known series representation 


al 
Nn 


! 


S()-—=7+d y,(s—I)" 


(the coefficients vy, here are known as the Stieltjes constants). A simple 
computation gives 


pi oe es. 
sol s—l 2 


Therefore, 


7° Inx In2 
dx = -— : 
a ws (In2+2Inb) 


Problem for the reader (easy!). Prove that 
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fin.x(1~ tanh bx) de => 3in2 + 2Inb) 
0 


Example 4.7.2 


Differentiating equation (4.35) 


s—l 


{ de = bT(s)(s) 
il | 


with respect to s and then setting s=2 we obtain 


[AP d= -6Q)Inb+YQAER)+S'2). 


2 
Now we have the values (2) = a y(2)=1-—y and 


#0)= = + In(2) -12In A) 
where A is the Glaisher-Kinkelin constant. We conclude that 


oO In 2 
|-a- = (in2Z+1-12In4). 
(ee =1 6b° b 


For the Glaisher-Kinkelin constant it is known that 
1-12In A=12¢'(-1) 


and when b=2z7 we have 
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4.8 The Functional Equation for Euler’s L(s) Function 


Euler worked with the function 


(4.45) Oe sea (Res > 0) 


which is somewhat similar to the zeta function. Here 


fAly=1 ae a 
a 3 7 
is the Gregory series. Another important value is 


ay CD". 
1Q)= op a 


the Catalan constant (see Section 5.5). 

The function L(s) is also known as Dirichlet’s Z(s) function, or Dirichlet’s 
beta function f(s). 

It is easy to show that 


s—l 


dx . 


(4.46) 21 (s)L(s) = f ae 


The proof is exactly like that of (4.37). 


Proposition 4.4. The function L(s) satisfies the functional equation 
(4.47) (2) sin“ T(s)L(s) =L(1-s) 
1 2 
or, in equivalent form 
s-l 
(4.48) L(s) = (=) cos Tl =r 5): 


Proof. We use the integral 
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(4.49) 


(this is a modification of (4.18) from Section 4.5.2). 
For Res > 0 we write 


s—l 


2 
) cosh x 


ax = i) : {je cos xt «| dt 
at 
0 na 0 


a —s 


a t 
=| ! a cos Sp =r(s)o0s 7 J rt dt 
‘i mt ff 2 2. | on 


=T(s) cos (2) rd-s)Ld of : 


Comparing this to (4.46) we come to the functional equation (4.48). The 
equivalent form (4.47) follows in view of the gamma function property 


T(s)rd-s)=— 


sin 7s 


In the proof we have used again the Fresnel integral (4.34) in a slightly 
different form. 


The functional equation shows that L(s) extends as analytic function for 
all complex s. From (4.48) we find 


L(0)==L() =~ 
a 2 


and from (4.47) the property 
L0-2k)=0, k=1,2,.... 
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Like in the previous section we can say that the functional equation is 
built into the structure of the integral (4.49). 


4.9 Euler’s Formula for Zeta(2n) 


In this section we present two important formulas relating the values of 
Riemann’s zeta function ¢(2n) and ¢(1—2n), n=1, 2.,... to the Bernoulli 
numbers B,. We also give two formulas relating the values L(2n +1) and 
L(—2n) of Euler’s L(s)-function to Euler’s numbers £,,. Following the 
ideas of the previous two sections these formulas will be based on two 
special integrals. 


4.9.1 Bernoulli numbers 


The popular Bernoulli numbers B, appeared in the works of the Swiss 
mathematician Jakob Bernoulli (1654-1705) who evaluated sums of 
powers of consecutive integers 


I : n+l n+1-k 
Pt 2 ++ Only =—— m'"B.. 
n+l & 


The Bernoulli numbers have numerous applications in mathematics: in 
combinatorics, analysis, and probability (see, for instance, [40, Chapter 
24] and [44, Section 1.6]). 


The exponential generating function for the Bernoulli numbers is 


x 2B x GB 
4.50 =) —x"=]-—+) —x" x|< 27). 
450) 0 Sadly +x” (x22) 
We have 
1 1 1 
B, =1,B8, =-——, B, =—, B, =0,B, =-—.,.... 
0 1 2 2 6 3 4 30 


Equation (4.50) can be put in the form 
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00 


So+$ 1s 


(4.51) 
e*-l1 = 


where the function on the left-hand side is even. Indeed, setting 


x x 
3 +2 
#@) e~-1 2 
we have 
—x x -—-xe*™~ x -—xe*-x 
—-x)= _ = _ = 
fC%) e*-l 2 1l-e* 2 2(1-e*) 
—x(e*-1+2) x x 
2(1-e*) 2 e -l 


It follows that B,,,, =0, n=1, 2.,.... 


Most interestingly, the nonzero numbers B,, are related to the values 
¢(2n) of Riemann’s zeta function. Euler discovered the formula 


("ny 


(4.52) ¢(2n)= OR 


B,, (n=1,2,...) 


bearing his name. In particular 


r° 


ca=2, cae, 6O= o> 


There are many proofs of this formula. We will present here a proof based 
on the integral 


dt =—+ : (x>0) 


4.53 
ey 2 =| 2 ¢@€” =1 2z 


0 


which was evaluated in Example 4.5.2. We will see that Euler’s formula 
is hidden in the structure of this integral. We need also the integral 
representation of the zeta function 
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2  Js-l 


(4.54) C(s)= dt (Res>1) 


ao 


(see equation (4.35) in the previous section). 


Proof of Euler’s formula. 
We look at the right-hand side in equation (4.53) 


1 1 
oP a1 Qe 


G)=F+ 


It is easy to see that lim G(x)=0 and defining G(0)=0 this function 


becomes analytic in the disk |x|<1. According to (4.51) 


2x ela (27) B,,, er 
2xG(x teal a? en On! 


and therefore, 


(277) Boy an 
a arom 2(2n)! 


which is obviously the Taylor series for this function centered at x=0. 
Using the formula for the Taylor coefficients we conclude that 


(4.55) Ger (0) = (22)" B,, ; 
(2n-1)!—-2(2n)! 


At the same time from (4.53) 


% 2n-1 


sin xt dt, Ger) (x) = ( yf ; dt 
e 
0 


Ga)=| 


0 


and 
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Ge") | ely ~ gon 
Qn-l)! (2n-l!e'-1 


dt =(-1)""(2n). 


Comparing this to (4.55) we find 


(22) B 


2n 


CD"SQn = 


and Euler’s formula is proved. Since ¢(0)= 5 and B, =1 the formula 
is true also for n=0. 


Note that this proof can be used in reverse order and from Euler’s formula 
we can derive equation (4.53). Therefore, the two equations (4.52) and 
(4.53) are equivalent. 


Combining Euler’s formula (4.52) with the functional equation 
ae. ES 
¢(l-s)=2(2z)* eos POE) 


and setting here s =2n we come to another remarkable formula 


a ee 


(4.56) ¢(1-2n) =- 
2n 


also due to Euler. In particular, 


1 1 
= Sa 


Remark. As we know from Example 4.5.2 equation (4.53) can be written 
also in the form 


i) ae dt = 2 coth io 
e'-1 2 2x 


0 


and it follows from the representation of G(x) that 
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oo 2n 
7 coth IX — s = ny" Bry on ; 
2 2x SS 2(2n)! 


This shows the interesting Taylor series for the function zxcoth zx 


oo 2n 
mxcoth zx = ye) Ban 20 ; 
m9 ©=« (2)! 


In terms of zeta values 
mxcoth ax = 2) (-1)"" ¢(2n)x"”. 
n=0 
If we replace x by xi we come to the representation of the trigonometric 


cotangent 


axcothrx=-2)°¢(2n)x™" (\x|<1) 


n=0 


4.9.2. Euler numbers and Euler’s formula for L(2n+1) 


The Euler numbers £,, are usually defined by their exponential generating 
function 
(4.57) 125 x". 

coshx ‘= n! 


This function is even, so E,, ,=0, n=1,2,.... For even indices we have 
in particular, 


FE, =1, £, =-1, £, =5, £, =—-61, E, =1385,,... 
(see [40, Chapter 24]). 


We will prove a formula similar to Euler’s formula (4.52) involving 
Euler’s L(s) function 
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ee. (ly 
L(s)= rarer 1D? (Res > 0) 


with integral representation 


1 roo) aa 
L(s) = i) 
2I(s) + cosht 


(see Section 4.7). 


Proposition 4.5. For every n=0,1, 2,... we have 


Cyn 
4.58 L(2n+1) =~... 
( ) ( n ) 2?"*2(2n)! 2n 
For example 
A m 5° 
Li=—, L3)=—, L(5)=—_..,.... 
© 4 @) 32 ©) 1536 
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This formula also comes from Euler. We give here a proof based on the 


special integral 


i cos xt xz 1 


1X 
» cosht Zz cos 


(4.59) 


evaluated in Section 4.5.2 (this is integral (4.18)). 


The argument is this. First we write 
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as a result from (4.57). Then equation (4.59) says that 


eel aD 


COS xt ae 
eo) err son 2° Qn yn 


giving explicitly the Taylor coefficients of the function 


COS a 


Fa] 


he 


At the same time we can find the Taylor coefficients of this even function 
by repeated differentiation with respect to x. That is, 


Fen (0) = (=l) i -" 
(2m)! (2n)! 4 cosht 


dt = (—1)" L(2n +1) 
for n=0,1,2,... This way 


F(x)= ¥(-1)" Ln lie, 


n=0 
Comparing this equation to equation (4.60) completes the proof. 


The functional equation for L(s) proved in Section 4.8 


L(s) = (=) cos (1 —s)L(1-s) 


in view of the representation 


(- 1)” qo 


L(2Qn+1)=———_ 
( ) 2?" (2n)! 2n 


implies a formula similar to (4.56), namely, 


(4.61) L(-2n) = 5 Ea (n=0,1,2....). 
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Example 4.9.1 


In Gradshteyn and Ryzhik’s reference book [25], on page 532, there sits 
one monster integral, a visitor from the bad dream of some calculus 
student 


aa _a, (TB/4) 
(4.62) i) nee ee fee Jin a 


This is entry 4.229(7) in [25]. It is difficult to understand how such an 
integral has come into life. Closer examinations shows, however, that the 
integral has several faces, one of which is quite civilized. 


First, the substitution w= tan x (x =arctanz ) turns this integral into 


(4.63) fe jee du 


f Lea 


(entry 4.325(4)). The substitution x= scene gives it another look, an 
u 


integral with finite limits 


(4.64) ai : n(n ‘\au= (eee me ii 


14a" (4° 


Finally, the substitution u =In(tanx) or x =arctane” makes the logarithm 
simpler 


(4.65) J=finu < du =+{ LaLa 
* le™ 2%, coshu 


(entry 4.371(1)). 
This last one we will evaluate using Euler’s L(s) function. More precisely, 
we look at equation (4.46) 


fe dx = 20 (s)L(s) 
cosh x 
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and realize that the logarithm will appear inside after differentiation. 
Indeed, differentiating and setting s=1 we find 


aloe dx =D "(DLN + TOL") 
cosh x 
and since (1) =y(1) =—y, LQ) =7 we have 


1 
J=L"l)-—y. 
eared 
Now we need to find L'(1) . From the functional equation 
2). as 

(2) sin —I(s)L(s) = L(1—s) 

1 2 
differentiating and setting s=1 we find 


(4.66) i O-7, a(t Ino 1 (0). 


We see now that we need L'(0). To compute this value we will follow the 
idea of Ilan Vardi [54]. Vardi involved the Hurwitz zeta function 


(s,a)= ra y (a>0,Res>1). 


n=0 


This function can be continued analytically as a function of s on the whole 
complex plane with a simple pole at s =1. For its analytical continuation 
we have a very important property, the formula of Lerch (see [48, p. 273]) 


T(a) 


an 


We can express L(s) in terms of ¢(s,a) 


(4.67) €'(0,a)=In 
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1 3 _ = 4° ea 4° 
e(s | e(s 3) . [s Gast YGan+3y 


that is, 


(4.68) é(s, ) = é(s, 3) =4L(s). 


Differentiating this equation and then setting s=0 we find in view of 
Lerch’s formula (4.67) and L(0) =1/2 


pit! 4) 


Scr =In2+L"0). 


Placing this value of Z'(0) into equation (4.66) we find 


1) Sy A nto ine | 
2 


4 rd/4) 


which proves (4.62). 


A good survey on this integral and several similar integrals can be found 
in Iaroslav V. Blagouchine’s paper “Rediscovery of Malmsten’s integrals, 
their evaluation by contour integration methods and some related results” 
(Ramanujan J., 35 (2014), 21-110). 


Example 4.9.2 


The integral from the previous example has an interesting neighbor in 
Gradshteyn and Ryzhik’s table [25] with a similar structure 


(4.69) f [im \ n(n ‘\ae= vir) (Rew >0) 
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(entry 4.229(4)). This integral is much easier to prove. The substitution 


t= he or x =—In¢ brings the integral to something familiar 
x 


1 l u-l 1 oe) 
i [n+] in{ n+] a= (ee (Int)e ‘dt. 
x 


0 x 0 


This is the derivative of Euler’s gamma function 
Ti) = [ere tat 
0 


Since ['(“)=y(z)l' (2) our proof is done. 
When =1 we have 


(4.70) J in{ n+] dx =y(l) =-y 
0 xX 


which is entry 4.229(1). With uw =; in (4.69) 


and as 


we find also 
1 l -1/2 1 

(4.71) f(in4) In{ ne =-(7 + 21020 
A x x 


This is entry 4.229(3) in [25]. 
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Example 4.9.3 


Euler’s numbers £) are well-known and together with formulas (4.46) and 
(4.58), namely, 


o sl n 2n+l 
[ar =29(s)L(s), LQn+1)= Che @. 
) cosh x 2°" (2n)! 


they can be used for the evaluation of a group of integrals from section 
3.523 in [25]. The two formulas above together yield 


00 x2" Gin P 2n+1 
CN Nag a (=) Ey, 


which also comes directly from (4.60). This is entry 3.523 (4) in [25]. 


For n=1,2,3 we have 


oo 2: 3 

(4.73) | a ee 
) cosh x 8 

ioe) 4 5 

(4.74) j——«- an 
) cosh x a2 

roo) 6 7 

(4.75) J ee Las 

) cosh x 128 


These are entries 3.523(5), 3.523(7), and 3.352(9) in the same order. 


For s -+ we find from (4.46) and the definition of L(s) 


(476) fe ax =20(3}2(3)-Vey: ok 


, cosh x = (nei 


(entry 3.523(11)). 
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In the same way with s => we obtain 


* 1 1 1 =, (-l)" 
4.77 ———- dx = 2T| — |L] — |=2 
( Rene (5) (5) Dg rere 


(entry 3.523(12) in [25]). Etc. 


Example 4.9.4 


We will show now a solution to the American Mathematical Monthly 
Problem 11973 (Vol. 124, No. 4, (2017), p. 369). Our solution is based 
on the representation 


(4.78) mx coth zx = => C(2n)x" (\x|<1) 


n=0 
from Section 4.9.1. 


The problem is to prove that 


Ter S(2n) a. 
ee 7 Onan e" [ a 


where G is Catalan’s constant. 
For the solution we integrate (4.78) 


(pee basal dat = [ia In(sin 77) 
0 


0 sin zt 


= xIn(sin zx) — jmsin nt) dt = ay sen 2ntl 
n=0 ote 


so that 


—xIn(sin 7x) + jisn nt) dt = yy sen 2nel 
n=0 nr 
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1 ; : 
Here we set x= a and rescale the variable in the integral to get 


(4.80) J In(sint) dt = ny ae oe 


In the same way setting x =. we find 


1 m/l4 ¢(2n) 
(4.81) —in2+2[ In(sin?) dt = ya 
4 0 n=0 (2n + 116” 


The log-sine integrals are known (see Example 3.2.1 in Chapter 3) 


m/2 


i} In(sint) dt =-2In2 
J 2 


ala 


J In(sin t)dt = Fin2 -56. 
Finally, from (4.80) and (4.81) we find 
zy (2n) [ 2 
2 m9 (2n +1) 4" 4” 


¢ (2n) $n) 
-2[ 5 £00 23 ten) 


n=0 n=0 


# in? in 24 in 4G =G 
4 4 2 


as desired. 


As an added bonus we have the two interesting series evaluations 


S16 (2n) 
(4.82) ea Inv2 
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S tay... 1 G 
ven Lonnie oo a 


In the last one three interesting constants appear together. 


Chapter 5 


Various Techniques 


5.1 The Formula of Poisson 


Many challenging integrals can be evaluated by using the residue theorem 
and contour integration. This popular method is well represented in most 
books on complex variables and will not be discussed here. However, in 
the theory of analytic functions there is one nice and efficient formula 
which is useful for integral evaluation and does not require special 
contours. 


Suppose f(z) is a function bounded and analytic on the right half plane 
Rez>0. Setting z=x+iy we have the important integral representation 
(see chapter 6 in [30]) 


ome er x 
(5.1) f(xtiy)= =| fis ey: dt 


where f(it),-—0<t<o are the boundary values on the y-axis. 


For real valued integrals we use the two representations 


(5.2) Re f(x+y)=+ f Re f (it) _——— dt 
ale x +(y-t) 

(5.3) Im fxriny=+| Im f (it) ——— dt 
es, x +(y-h) 
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The same representation is true for harmonic functions bounded on the 
closed right half plane. The formula has numerous applications in 
harmonic analysis, potential theory and partial differential equations. 


Example 5.1.1 


Let a>0 and for z=x-+iy consider the function 
f(z=e” =e “e” =e (cosay—isinay) 


which is bounded and analytic for x20. By Poisson’s formula 


oe) 


e ““(cosay —isinay) = 7 
me x +(y-ty 


cos at —isinat 


Separating real and imaginary parts we find for x >0 


(5.4) i 8 ip = Ze 095 ay 
1x +(y-t) x 

(6:5) f omg t= e sina 
; 1x +(y-t) Es oe 


For y=0 in (5.4) we find 


oe) 


jee i i COSAP 4 HE ony 


5 e 
Wx +0 224+ 2x 


This integral was evaluated in Example 2.3.2 (Chapter 2) by differentiation 
with respect to the variable a. 


Example 5.1.2 


Now consider f(z)=e” coshaz where 0<a<b. Then 
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f (it) = cos(bt) cos(at) —isin(bt) cos(at) 
We apply formula (5.2) and then set y =0 to obtain for x >0 


oo) 


cos bt cos at Ho ks 
dt = —e* coshax 


a a 2x 


(5.6) 


0 


as the integrand is an even function. This is entry 3.743(3) from [25] in a 
slightly different form. 


Example 5.1.3 


Let a>0 and consider the function f(z) = with the principal 


log(1+ @z) 
Zz 
value of the logarithm. Then /(it) = — ogi +iat) and 


Ripe 
t t 


With x>0, y=0 we find from (5.2) 


logl+ax) 1 (2 dt 


5.7 
eD) x 1 , 7ar 


00 


_2 fe at dt 
1 


2 2 
° t x +t 


that is, 


{ arctanat ,  z log(l+ax) 


ir ee) 2 x 
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The proofs of the next two examples are left to the reader. 
Example 5.1.4 


Show that for every x>0 and 0<a<f 


(pe dt =a 


T= —e* sinhax., 
t x40 2x? 


(5.8) 


0 
This is entry 3.725 (3) in [25]. The function to be used is 


_pz Sinhaz 
er ———__., 


f= 


Example 5.1.5 
Prove that for every x >0,a>0,b>0 


—ab 


(5.9) 


(pee dt — am be“ ~xe 
vote x +h bx BP -x? 


(entry 3.728 in [25]). Computing the limit when x > b show that 


j cos bt e’(ab+ D 
leary? 4b 


The function to be used for this integral is 
be — 
aa > 


Example 5.1.6 


Here we use this technique to solve Problem 2116 from the Mathematics 
Magazine (94 (2021), 150). The problem is to evaluate 


el er 


cosisia + at) 


dt (x,a>0). 
x’ +f 
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For the solution we consider the entire function f(z)=e° —”, z=x+iy 
which is bounded on the closed right half plane x2>0. We have 
Re f (it) =e°" cos(sint+ at) and Poisson’s formula (5.2) implies (with 
y=0) 


f e°*' cos(sint + at) ita ee 
2 2 a e€ 
‘ x +t 2x 


(as the integrand is an even function). 


5.2. Frullani Integrals 


Frullani’s formula says that for a, b > 0 


(5.10) ple Aan dx 


b 
= = TOG 
where /()=lim f(x). For the validity of this formula it is sufficient to 


assume that f(x) is continuous on [0,0) , and its derivative f'(x) exists 
and is continuous on (0,00). We also assume the limit (cc) exists. These 


conditions are too strong, but quite appropriate for most applications and 
for the short proof below. 


Giuliano Frullani (1795-1834) was an Italian mathematician. The above 
formula carries his name because of his contributions to integral solving 
techniques. 


Here is a simple proof of the formula. 


jets wilh renal 


dy 
0 


-{ [rena yj 
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b 


=[{r@)- ro} w={fe)- FO} & 


a 


=(f(e)— f(0))In— 


A popular example follows. For a,b >0 


dx = In— 


( —~e™ b 
0 x a 
with f(x)=e", lim f(x)=0, f(0)=1. 


More essential examples are given below. 


In all following examples until the end of the section we assume that a 
and bare two positive numbers. 


Example 5.2.1 


Taking f(x)=e“ cosx,4>0 in (5.10) we have 


dx =|In—. 


~ hai _ Abi 
(lg ™ cos ax —e~* cos bx b 
: x a 


In this case lim f(x) =0, f(0)=1. 


A similar integral was evaluated in Example 2.2.9 by differentiation with 
respect to a parameter. 


It is most remarkable that the integral does not depend on 2. Even more, 


-Ax 


we can use the function f(x)=e cos’(x) where 4 is any positive 


number and p is any positive integer. We still have 
%  —Aax Pp _ 4 Abx Pp 
(5.11) ie cos’ (ax)—e “”* cos’ (bx) dee=lne 


x a 
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and the integral is independent of 2 and p. 


Similarly, we have for any 2>0 and any integer p> 1 


dx = 0 


f e*** sin? (ax) —e-”* sin? (bx) 
; c 


with f(x)=e” sin?(x), lim f(x) =0, f(0)=0. 


Example 5.2.2 


In this example we will evaluate the integral 


{ cos’ (ax) — cos’ (bx) Be. GESo) 


0 x 


which is not a Frullani integral, because limcos’(x) does not exist. 
x00 
However, this integral is interesting and resembles (5.11). 


The computation is based on the case p=1 


{ cos (ax) — cos (bx) = ine 


0 x a 


evaluated in Chapter 2, in Example 2.2.13. For any integer p21 we 
consider two cases: when p=2n is even, and when p=2n-1 is odd. 
We also need the two representations (entries 1.320(5) and 1.320(7) from 


[25]) 
a il >? 2n k 2n 
cos OOEGs 2 5 cos2(n—k)x + 4 


2n-1 2n ~ 1 
cos” (x)= P cos(2n — 2k —1)x. 
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Then we compute 


«2 2n _ 2n 
ie (ax) —cos~”" (bx) ae 


0 x 


— a 


4” = x 
n-1 
“psf 
a K=0 
That is, 
ee) 2n _ 2n n-1 2. 
(5.12) i (ax) — cos“” (bx) Aira 2 me n 
: x Ava wa\ k 
Similarly 


cos”” '(ax) —cos*” | (bx) re 


ots 


x 


1 2 2n-1 + cos( ((2n- 2k - lax) - cos((2n— 2k — Idx) on, 
wir k J 


xX 
1 b n-| In—-1 b 
= —  |n— —In—}9?""?} =In—. 
4’ 245 k )I-¢ 4" 1 “(2 }= a 


(o) 2n-1 = 2n-1 
{ cos”” (ax) —cos"" (bx) oh b 
a 


Finally 


(5.13) 


0 Xx 


(see entry 2,5,29(18) in [43]). 
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Example 5.2.3 
Let p be any positive number. Applying Frullani’s formula to the function 


f(x) = arctan’ (x) with lim f(x) = (=) and f(0)=0 we find 


ee P = P P 
(5.14) (ie (ax) — arctan’ (bx) ac=(4) in 


0 x 


Example 5.2.4 


For any p>0 we have 


{ sech” (ax) —sech’ (bx) b 


(5.15) dx =In— 
a 


0 Xx 


Here f(x)=sech”(x), lim f(x)=0, f(0)=1. 


Example 5.2.5 


Now take the function f(x)=e“" In’(1+ x) with arbitrary 2>0, p>0. 
Frullani’s formula provides 


dx =0 


«0 —Jax Pp = —Abx Pp 
(5.16) fc In’(1+ ax)-e“™ In? (1+ bx) : 


0 Xx 


since lim f(x)=0 andalso f(0)=0. 


We cannot pass to limits with A — 0 here because the integral 


i mE a 
0 


is divergent. 
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Example 5.2.6 


At first sight the integral 


(where a, b > 0) does not look like a Frullani integral. However, replacing 


a and b by va and vb we apply (5.10) to the function f(x) = er to 
get 


2 —axP — -bx?P l/p 
(5.17) [——ax= in =n. 


For further examples of Frullani integrals and more theory see Albano 
et al. [4], Boros and Moll [7], and Moll [35]. 


Frullani’s formula has many extensions and ramifications. Sergio Bravo 
et al. have connected it to the special method of brackets [19]. Hardy [27] 
has provided very interesting extensions and examples. 


5.3. A Special Formula 


An interesting extension of Frullani’s formula was found by Ramanujan. 
His result is discussed by Bruce Brendt in his book [1, pp. 313-317]. Here 
we give a similar formula which quickly evaluates integrals of the form 
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ctx 
(2 ) 
0 x 


for appropriate functions f(x). 


Suppose the function f(x) is defined on [0.00) and is also analytic in a 
neighborhood of the origin with Taylor series 


(5.18) £0) =D (YA) x" 


where A(0)=0 and the coefficients A(n) , n=0,1,2,.... extend to a “good 
enough” differentiable function A(t) on the interval [0, 0). Then we have 
the remarkable formula 


(5.19) (te a= 410). 
0 x 


At the end of the section we will sketch a justification of this formula. 


Note that the summation in (5.18) can be started from n=1 


f= CY" A) x", 


n=1 
Example 5.3.1 
We start with a simple example. Consider the function 


In( + x) 
l+x 


f (x)= 


which is defined on [0, 00) and has the Taylor expansion 


Ind + x) 
1l+x 


aye Via ss 


n=1 


for |x|<1. Here H,, are the harmonic numbers (they appeared before in 
Section 4.2). The harmonic numbers have the representation 
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H,=y(nt+)+y 


where w(t)=I''(t)/T(4) is the digamma function and y=—wy(l) is 
Euler’s constant. This way the harmonic numbers extend to the function 


A(th=w(t+lt+y 


defined and differentiable on (—1,«). The digamma function has the 
series representation 


vrrn=-y+y (2 ) 


minh n+x 


so that 


ioe) il 
2 


HO=v0=> 


i 
= 
lon 


and we come to the evaluation 


dx =— 
(1+ x)x 6 


j In(1+ x) 1 


0 


This integral was evaluated in Example 2.5.4 in Chapter 2. It is a good 
illustration of how formula (5.19) works. 


A natural extension is the integral 


fd) a ps0. 


, (+x)? x 
We have the representation 


In . - : 
(1+ x) 25 Gir ["? Jeers wenn) 


(1 + x) n=1 


(see, for instance, [13]) and the coefficients 
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am-("*? (wer owen) 
extend to 
A(t) = [' . 7 ‘Jue + p)-w(p)) 


I'(t+ p) 


= Tip) r+) (y(t + p)- v(p)) . 


It is easy to compute that 
A\0)=y'(p)=S(2,P) 


where 


wo 


¢(s,p)=),-——_,,> Res>l 
d (n+ py 
is the Hurwitz zeta function. Thus 
¢ In(l+x) = 1 
——_ dk = €(2, p)= . 
J Gy OP 2 Gao 


This integral appears as entry 2.6.10 (52) in [43]. 


Example 5.3.2 


We have 


(= a 
} e =1. 
a. ue x 


To prove this we notice that 
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l-e”* 


a ee ca oe ee 
_ (=-—}: 


n=1 


and the coefficients 


A(n) = Pe extend to A(t)= ; : 
n! (n+l)! T(¢+1) +2) 


with 


r+) | Pe+2) 


AO = Tay * Fasd) 


so that A'(0) =y(2)—yw() =1. This proves the value of the integral. 


Example 5.3.3 


For any g>0 we have 


x 


(5.20) J ae ah] -20-neing 


sin/x 1 2 a 1 
_ = —| n n ~~ n 
Vx 1+qx 2 ) C ari 


and the coefficients A(n)=q" —1/(2n+1)! extend to 


1 


AO=4 ToD’ 


Therefore, 


Or (272) 


A(th=q'Ing+ 
O=4 4+ T7449) 
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A'(0) =Ing + 2y(2)=Ing+2(1-7). 
The evaluation is proved. 


With the substitution x =? the integral (5.20) turns into 


7 ( sint 1 dt 1 
} ; =l-y+—lIng 
A\ ¢ l+qt? jt 2 


which is similar to entry 2.5.29 (8) in [43]. 


Remark. From (5.20) we know that when g =1 


(22- 1 }s 


=2(1-y). 


x 1+x 


It is most interesting that for any p>0O we have also 


(5.21) (22 -ca}S-20-n 


0 
that is, the integral does not depend on the parameter p! 


x 


Here is a proof. We can write 


t sinyx _ 1 \d& 
J vx 14x? 


-|[22- 11 1 }s 


be = 
ft lee Le Le) x 


0 x 


1 1 \¢ 
l+x 14+x? 


-20-7+f[ 


x 


and now we will show that the last integral equals zero 
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(5.22) | : aa) ae 
s\1l4+x 14x?) x 


Proof. 


i( 1 1 \f- f xP-x dx 
KKL4+x 14x?) x 4 (+x)+x?) x 
7 xt] 
gs mE 


-l -l 
xP —] xP" —] 


-(— a (ek 
(+ xlt+x’?) 4 (+x)(1+x?) 


These two integrals annihilate each other. Making the substitution x =1/t 
in the first one we get 


(me p-l =| (= — 4? = 4) 
\Gamdre')* reper eer? 


es (t+ rz + i” 
so that 
5.23 : 
oe ian 
for any p>0O. 


With the substitution x =? we find also that for any p >0 


*( sint 1 jdt 
Om) i[ t =a ~ 


In general, we can state the proposition. 
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Proposition 5.1. Suppose h(x) is a function defined on [0,©) and such 
that the following integral is convergent and has value M 


} jas at _y 
/ Lt) t 
Then for every p>0 we have also 


rn 1 jdt 
serie) 


0 


For the proof we just need to add the zero integral (5.22). 


Example 5.3.4 


For any g>0 we have 


(5.25) il x- 


Here 


1 = n-l a 1 n 
cosvx — xe) [4 ss 


1+qx 7 nal 


and the coefficients A(n)=q" —1/(2n)! extend to 


40=4 ~Tor 


with A'(0) =Ing+ 2y(l) =Ing—-2y . The evaluation is proved. 


With the substitution x =?° we find also (cf. 2.5.29 (9) in [43]) 
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In the same way as above we find also 


(5.26) j{cosvs = 


or, 


for any p>0Q. This extend the well-known (for p =1) representation of 
Euler’s constant y. 


Example 5.3.5 


(= cosyx _ 1 }f- 1 


(5.27) eer 


for any g>0. With x=? 


“( 1—cost 1 dt 1 
1 3-2 
i t asl Fee y). 


Now 


1 Cos Vx 1 = ma * q" 1 x" 
x Sagx) = 2 (2n+2)! 


and the coefficients A(m) extend to 


1 


a= e 1 (2t+3) 
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(t>-1) with 


1 3 1 
A\(0)=w(3)+—Ing = +—Ing. 
Lona q re ye 


Again, as in Example 5.3.3 we have for every p >0 


(5.28) f 1-cost 1 dt 3 y 
, r 2l+f))t 4 2 


0 


which extends entry 2.5.29 (7) from [43] (given there for p=1). 


Example 5.3.6 


For any g>0 we have 


(5.29) (=e"- 1 J 20m 
ov. Vx 


l+qx}) x 


Here 


arctan /x 1 aS v{ ie 
Vx l+qx ‘4H a 


1 n 
- x 
2n+1 
and the coefficients A(n) extend to A(t)=q'‘ — =S with A\(0) =Ing+2. 
+ 


This proves (5.29). 


Example 5.3.7 


For any g, p>0 


(5.30) ile" : J&-m y. 
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This is entry 2.3.19 (7) in [43]. We have 


= 3G i a q" = x” 
re a = 


and the coefficients A(n)=q" — p"/n! extend to A(t)=q'- p'/T(t+1) 
with 


A@=q'ing- ee (t+1) 
r?(¢+1) 
and A'(0)=Ing-Inp+y(l)=In£-y. 
P 


Using the special integral (5.22) we can also write for any p,r>0 


(5.31) ife |e In p-y 
' l+x' J x 


Example 5.3.8 


For every q>0 


(5.32) iL eon 2 JE +(Gn2 y-+ing jin? 
A l+qx) x 2 


where (x) is the Nielsen beta function used before in Section 4.5 (see 
(4.16)). Recall that 


ice) (- 1)’ 
Xx)= . 
B(x) 2, ae 
We will use also Euler’s eta function 
s-l 


(— yp 1 -x 
dx, Res>0O 
H(s)= 3 7 ee x es 
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with 77 (1) =1n2. It is easy to prove the expansion 


Bx+ => (-D'Q7(n4)x". 
n=0 
This is the Taylor series for (x+1) centered at the origin, as 


— =(-1)"n!n(n +1). 


pM=y'nl>d 
Now 


In2 ‘ 
B(xt+)) “age = > CD” (7 (n+1)—q" In2)x" 


n=0 


and A(n)=n(n+1)-q"In2 extend to A(t)=n(t+l)-q'In2. with 
A\0)=7'(1)—IngIn2. It is known that 7'(1)=yIn2—(In’2)/2 and 
(5.32) follows. 


To understand this integral better we will show that it is absolutely 
convergent. It is sufficient to show that the integral 


(ee De 
 * 
is convergent. This follows from the estimate (/ > 0 a constant) 


O0< Baty) < M 


2 


x x 
for x >0. We have from (4.16) 
xe" tde~™ 1 ¢ ee 
xB(x+l)= dt= dt= 
vee re Va 2 ay 


and therefore, x@(x+1) is a bounded function on [0, ©). 
When g =1 we have for every p>0 
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(5.33) iL eon ae \¢- c In2 y}in2. 
0 x 


1+x? 


Example 5.3.9 


Let ¢(s) be Riemann’s zeta function defined for Re(s)>1 by 


1 oe) s-l 


“1 
(0-2 ao) ee 


n=l 1 


Then for every g >0 we have 


(5.34) (“ a 2 |e = ¢(2)Ing—¢'(2). 


1+qx 


We will use the well-known expansion (Taylor series centered at the 
origin — see 8.363(1) in [25]) 


y(xtl)+7= YD ee (k+ 1x" 


for |x|<1. Setting k-l=n we have 


vo ae = (I'S (n+ Dx" 


n=0 


so that 


w(xt)+y $2) 
x 1+ qx 


=> -D""SQ)—S(n+2)) x" 

(here ¢(2) is needed to assure A(0)=0). Now A(n) = q"C(2)-¢ (n+ 2) 
extend to A(t)=q‘¢(2)—C(t+2) with A'(0)=¢(2)lIng—¢'(2). The 
evaluation (5.34) follows. 
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2 
Since ¢(2)= = and ¢'(2)=¢(2)(vy+In(2z))-12InA, where A 
Glaisher-Kinkelin’s constant, we can write the value of the integral as 


2 
“(ing —y~In(2)) +121. 


It is not difficult to see that this integral is also absolutely convergent. 


Explaining formula (5.19) 


237 


1s 


First we recall Euler’s transformation formula for series (see [8], [13]). 


Let 
g(=a,tatt+at +t... 


be a power series. Then 


Now in the integral in (5.19) we make the substitution x = — to get 
o 1 
[LO a=] 1 rf t \4 
x ,1-t° \1-t) t 
L(_ n 
= » r" "Jen aw| 4 
k t 
= . n k-1 1 
= —l)"" A(k)¢| t" dt 
EE o a 


fe} n n fal 1 
2g onfs 
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Note that the summation starts now from n=1 because A(0)=0. It was 
shown in [9] that for a large class of function A(t) defined on [0, ©) we 
have 


(5.35) EIS (To a} = A\0). 


n=1 | k=1 


This is true for all functions A(¢) appearing in the above examples. 


To give the reader an idea how (5.35) works we apply it to the function 
A(t)=q' -1, |l—q|<1. Note that 4(0) = 0 and we can start the summation 
in the interior sum from 1 =0 


p> ae jg vf 
- S15 (Pjore : nj 
Zeon}: 
--5 57) |(-p! et 


yee ” nd —(—))=Ing= A(0) 


n=1 


using the fact that 


ae =0. 


One more example. Let us take the function 
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1 1 1 


40 = TaaD “ra+h Fd) 


where for the reciprocal gamma function we will use an integral 
representation based on a positively oriented Hankel contour Z extending 
on both sides of the negative half axis (—co, 0) with a small loop around 


the origin 


1 


=—|u*le"du. 
T¢+l) 2ai+, 


We have 


A(t) = fo" —l)u'e"du 
oats 


and (5.35) works the same way (as it applies to the expression wu‘ —1). 


A new proof of formula (5.35) appeared in the recent paper by the author 
“New series identities with Cauchy, Stirling, and harmonic numbers, and 
Laguerre polynomials” (https://arxiv.org/abs/1911.00186). 


Other interesting formulas for evaluating integrals were presented by M. 
Laurence Glasser and Michael Milgram in their paper “Master Theorems 
for a Family of Integrals” integral Transforms Spec. Func. 25 (2014), 
805-820). 


5.4 Miscellaneous Selected Integrals 


In this section we present a collection of interesting integrals some of 
which appear as problems in the American Mathematical Monthly, the 
College Mathematics Journal, or the Mathematics Magazine. 
The solutions of the problems presented here were found independently 
by the author. They may differ from the published solutions. 


Example 5.4.1 
We start with a simple and nice integral. For any a,b >0 


240 Special Techniques for Solving Integrals 


oo) 2 2 
(5.36) [m= ae dx = (b—a) 


This is entry 2.6.15(10) in [43]. The proof is very short. We will write this 
integral as a double integral and then change the order of integration. 


fins, te dx = Jmee +b) — In? +a’)} de 
0 

b 

| alg hs 
e $f 


sha 


The integral can be evaluated without using double integrals, but first 
computing the antiderivative and then using the limits. Thus 


_ +t *y "} de = 


b 
a 
= 2 dt =2(b-a). 


fn, un = dx = [In(x? +b?) de — fine? +.a*) de 
x +a 


(and after integration by part and simplifying) 


7 % x 
— + 2barctan—— 2aarctan—. 
x +a b a 


Now evaluation between the given limits brings to our result. For the 
limit 
+h 


lim xIn~ 5 
x30 +a 


=0 


the substitution x=1/¢ would be appropriate. 
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Example 5.4.2 


Solution to Monthly Problem 11796 (2015, p.738). The problem is to 
evaluate the integral 


[peas eat ym dx 


0 sin x 


where a > 0 is arbitrary and m 21,n 20 are integers. 
We start with the well-known representation of the Dirichlet kernel 


sin(2n+1)x _ -Se dikx 


sin x j= 


(this is computed easily by summing the finite geometric series on the 


right-hand side). Next we multiply this equation by e ® and integrate 


(eee ee 3 few 21k) ye = 3 1 


sin x =a 7, a—2ik 


All we need to do now is to differentiate both sides of this equation m—1 
times with respect to a. The result is 


(eae 2 I Ge = (a my 1 


(5.37) : 
sin x fon, (@ — 2ik)” 


0 


This evaluation is compact enough. If we want to avoid complex numbers 
in the answer we can separate the real part of the sum to get 


[pce ex! dx 


0 sin x 


cos(m arctan(2k / @)) 
= 1)! +2 S . 
=(m )! (4 = (Cm age Aj? yn 
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Example 5.4.3 


Here we prove entry 4.236(1) from [25]. For any p>0 


(5.38) t= jee Din 4 TIN | Madey (pL 


This is a very tricky integral, a real puzzle! 


The integral is a combination of two independent integrals, J =J,+J, 


where 
1 
J, -|{ Heme, sin | se 
ct dae (l—x) 
and 
r —Inx 
i= x? de=w"(p) 
l-x 


This combination is not obvious! 
First we evaluate 


1 p-l ply PY 
J, =| x oo nx x = ae 
—x (l-x) 


{eo x" Ins) + (0? ny | 


l-x 


(the values at the endpoint are found by using limits). 


Next we use the well-known integral representation of the digamma 
function (entry 8.361 (7) in [25]) 


p-l 


dx 


1 
l-x 
aes a 
0 
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where y is Euler’s constant. Differentiating with respect to p brings to 
J, immediately. The formula is proved. 


Example 5.4.4 


In this example we give an extension to Monthly Problem 11506 (2010, 
p. 459). We will prove that for any two complex numbers 4,4 with 


|ReA|<1,|Rew|<1,|Re(A+ w)|<1 and any two positive number a,b >0 
we have 


77 — x" xt! a — x? 
5.39 sin Az dx =sin uz d 
( ) j= x+a = 5 7 - jz +b a-x 7 
_ sind sin ua ii ra 
a ) (x+b)\(t+ alt+ a 


The proof starts with the well-known Euler integral 


2 4B Leak 
i dt = — , -1<f<0 


tome sin Bx 


(see Example 4.2.3). Using partial fractions we write 


A A A 
t a a-xXx 


aes sindq a-x 
which extends to —1< Red <1. Then we rewrite this in the form 


Vee i ad 
1 ae 


Lu 


Here we multiply both sides by sin yz : ; 
x+ 


and integrate with respect to 


x from zero to infinity. The result is 
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«2 xt! A_ yA 
(5.40a) sin por as 


dx 


xt+b a-x 


_ sind sin yt if a i 
1 ) (x+b)(t+ay(tt+ a 


In the same way, from 


tt 


bY — x" | 
0 


b-x a ee a 
we obtain 
x pax 
(5.40b) sin aa{ dx 
xta b-x 
_ sinAzsin ut if ae 
1 (xt aytt+by\tt+ rt 


The double integrals in (5.40a) and (5.40b) are the same, so the left-hand 
sides are the same and the identity (5.39) is proved. 


Example 5.4.5 


Here we prove a very nice integral. This is entry 4.242(1) from [25]. 
For any 0<b<a 


[2 42 
(5.41) = { ed ah | NEY 
mal Cae +x" = ) 2a a 
where 
m/2 
K(k)= |——«e 
> V1—-k’ sin’ @ 


is the complete elliptical integral of the first kind (see 8.112 (1) in [25]). 
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This evaluation involves a special trick — we use two independent 
substitutions in the same integral. First we set x =atan@ in (5.41) to get 
m/2 


Ina+Intand do. 


J= 
J Va cos’ 0+b’ sin’ @ 


The second substitution (in the original integral) is x=bcot@ and it 
transforms the integral into 


7 Inb—Intan@ 


J= do. 
J Ja’ cos’ 6 +b’ sin? @ 
Adding these two integrals we find 
m/2 l 
(5.42) 2J =Inab dé. 


J Va’ cos’ 6+b’ sin? @ 
a —b Va —b° 


2 
=—sin* o| and setting k = 
a 


Here a* cos’ 6 +b’ sin? @=a° C - 
a 


we can write the above result as 


Inab “" 1 Inab 
J = dO = K(k) 
a J V1—k’ sin’ 0 a 
which is (5.41). 


An interesting equation follows from (5.41) and (5.42) 


Inxdx _Inab*P l 


d 
eres 2 | Va’ cos? +b? sin? 6 


0. 


The second integral here is directly related to the Arithmetic-Geometric 
Mean of the numbers a and b - see Section 1.7 in Chapter 1. 
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Example 5.4.6 


Solution to Monthly Problem 11966 (March 2017). The problem is to 
prove that 


1 2 2) 
(a ee , fin2y 


5.43 
ee) 1+x° 96 8 


0 


We present two solutions using the method from Chapter 2, that is, 
differentiation with respect to a parameter. 


For the first solution we define the function 


Iie rece 0221, 
Differentiation gives 
1 x? 
J(a)=|——~_ 
aa” *) 


1 1 1 
= 1 . i dx | = { a 
lA. | dee Sea Oe Ia 
_ 1 Ind+A) |, In2 1 
142° A 2 4 


_In(l+a) In2 2 @ 1 


=——— + . 
AQA+A?) 2 1424?) 4142? 


Integrating this between 0 and 1 we find 


eee Ay kn 0 
, A(L+A7) 4 16— 


Now 


1 i 2 
f aad da=| eee dh —_ dine J) 
AA. ) 7 Le 12 
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because 
l n-1 9n-1 2 
In(i+ A) (-1)""A (- - _a 
———da da —. 
4A = poe pe 12 
This way we come to the equation 
2: 2. 
2(l)= (n2y 7 
+ 48 
and (5.43) follows. 
For the second solution we first integrate by parts 
1 1 2 
[ae w= = 5 je 
|. ae 27, Lex 


2 1 2 
_ (in?) [aes ) ik 
2 24 14x 


0 


and then we solve the last integral in this equation. For 0<@ <1 we work 
with the function 


Differentiating with respect to @ we find 


ees eee) (1+ wa + ant 


2a || dx 
14a? albesad tress || 


nee: Ind + m+@") arctana@ 
2a a 
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_ 2a Ind+a@*) 2arctana 
l+a? a(l+a’) l+a@? 


Integrating this between 0 and 1 we find 


FW)= pmaea dx = (In2)° +f aa zs 


In this integration the first and the third integrals are trivial. In the second 
integral we make the substitution f= a” to get 


eae ge Aerts 
Ja(ita’) 24 a&(i+a’) 1(1+0) 


1 1 2 2 
ef ae ee 
24 t o) 144 24° «4 


0 


(the first integral appeared above). Finally, 


* lady | a. 3 ie 
F(1) =(In2) + ci Ca —-—==(in2) -— 
w= ene o(Z 2) = go ae 
and a simple computation gives 
1 2 
[AG a= (In 2) 
l+x 96 8 


0 


The integral 


eles. 


(5.44) 
l+x 


a 
de == (In? 
(In2)" - 48 


0 


will be used later in Section 5.5. 
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Example 5.4.7 


We present here a very challenging integral. We want to evaluate 


1/2 
J * _2arcsin? ~ ae 
v.18 2 )1-x 


Our starting point is the expansion (Maclaurin series) 


2n 


=i 
2(2n 
2arsin? $=") -., |x|<2 


n 


(for a simple derivation of this expansion see [32]). When x=1 we have 


and therefore, 


2 


-l 

1 ok pen J ba 
—  — 2arcsin® — = —(1-x 
18 2 y | 7 | ) 


where H, =1+1/2+...+1/k are the harmonic numbers. 
We have the evaluation 


2(2n)' Hy, _ 2@(2n)' 1 
> (7 = =<00)-35(7"| Zz 


n=1 n=l 
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(see equation (117) on p. 22 in [2]). From the same place (equation (61)) 


2 (2n\' 1 4 on} 
ns a NG +D-368)- Fe 


where 


~ 1 
‘Gn? 


n=0 


(c, is a special constant used in [2]). Now we finally have 


2(2n\)'H, 1 4n? 2 
fe = 6(3)+ Laie 
n 


nr 57.5 ae 


Remark. In the next two examples we will use the Stirling numbers of 
the first kind s(n,k). They are dual to the Stirling numbers of the second 


kind S(n,k) which appeared in Section 4.6 


n 


> S(n,k)s(k,m) =O yas >" s(n, k)S(k,m) =Onm- 
k=0 k=0 
The ordinary and exponential generating functions for s(,k) are 


(5.45) x(x -1)(x-2)...(x-n +1) =) s(n,b)x" 


or 


x(x +1)(x+ 2)..(x+n-1) =( yy ( 1)‘ s(n, k)x* 


ii oo P 
(5.46) (ind +x)" =2 50 
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Example 5.4.8 


Solution to problem 1139 from the College Mathematics Journal (November 
2018, p. 371). 


(a) Prove that for any integer n > 0 


pO a= ymigint), 


(b) Evaluate the series 
+ Gy s(p,n) 
p!p 


p=0 


Solution. From the expansion (5.46) after setting x =—zr, dividing by ¢, and 
integrating between 0 and 1 we find 


r(ind-1))" Sa 8(p,n) 
(5.47) i a 1) ea 


With the substitution 1—t+=e™ this integral transforms to 


1 n oO Nn -x 
i dt =( "| x = de 
t A ee 


oo n 


= Dale ae =D ng (n+l) 


by using the well-known integral representation of the Riemann zeta function 


00 s-l 


G(s) = dx, Re(s)>0. 


x 
role -1 


Comparing the above two evaluations we come to the most interesting 
representation 


= n ~ p S(p,") 
(5.48) (n+l =(-l) 2 1) a 
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This solves problem 1139 completely. 


The representation (5.48) is not new. A good exposition of this formula, 
informative comments, and more general results can be found in 
Adamchik’s paper [3]. 


Example 5.4.9 


Here we solve the similar Problem 1117 from the College Mathematics 
Journal (January 2018, p. 60). Prove that for n>1 


(5.49) (7) dt = n> (I 's(n -1,k)C(nt+1—-k). 


0 


For the proof we will transform both sides of this equation to one and the 
same expression. 


First the left-hand side. 
With the substitution 1—*=e * we write 


r(in-)  P xte™ 
i( , ) a= 1) ey dx 


0 


oo n ; 
= =(- fs n ofS : . Jom -~} dx 


=(-1)" 3" "e yf pg ne ae 


m=0 


n! 
sor JJeratin 


, n—-|+m 1 
= Tea 


m=0 
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The exchange of integration and summation is justified as the binomial 
series is absolutely convergent. 


Now the right-hand side. 


nd (s(n -1,k)C(n+1-k) 


=1S- 1)" s(n- pe + 


m=1 


=n, =PxG 1" s(n- Lym 


=n> _ {Ee 1)" s(n-1,k)m 


m=1 


A "n>, m(m +1)...dm+n-—2) 


n+l 


= -y'n>) (m+1)...m+n-1) 


=| (m a Hn” 


(by using the generating function (5.45) for the numbers s(7—1,4) and 
changing the index of summation m— m+1). Multiplying top and bottom 
of the terms of this series by (n—1)!m! we continue 


pate yy. (m+n-l)! 


“3 (n—1)!m!(m+1)""" 


n-l+m 1 
LS eae 


m=0 


which equals the left-hand side. Thus (5.49) is proved. 
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Example 5.4.10 


In this example we give our solution to Monthly Problem 11418 (2009, 
p. 276). The problem is to evaluate the strange integral 


ft x’ sech? x 
J(a) = | ——— 


2, a-tanhx 


where a >1. The published solution (by Omran Kouba, 2010, p. 652) uses 
contour integration. We will give a solution without complex integration. 


The integral is very tricky! Here sech’x is the derivative of tanhx 
and the substitution w=a-—tanhx is very tempting! However, this 
substitution leads to nowhere. 


After playing with J(a) for some time, the reader may come to a natural 
decision — express the hyperbolic functions in terms of exponentials, 


simplify, and see what happens. With some simple algebra we can write 
J(a) in the form 


oe) 


4 re 
lar a NE rN) 


: a+l ; 
Setting b= a >0 and rescaling x—>x/2 we come to a more 
a= 


convenient form 


ee 


1 
ays 2(a-1)° J (e +)(e ree 


In order to evaluate this integral we define the function 
e* 


as lo +1)(e* a 


for 0<A<2. It is clear that 


J(a)= F"(1) 


1 
2(a-1) 
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so we proceed to find F'"(1). The substitution e* =t,x=In¢ transforms 
F(A) into the integral 


ae lhasn +1)(t+ ie 


Notice that b >1. For the moment we assume that 0< / <1. Using partial 
fractions we write 


2 A-l 


1 t aa 
F(A)= |—a- | —ar 
b=1\4 tal we td 


i 2 A ‘ Ae 1—pt 122440 
= dt —b*” dt |= dt 
His an b=1 a 


The last integral here we evaluate by using Euler’s beta function 


A! T@r) 
(47 Tay) * 


u,v>Q. 


Biu, y={— 


We set u=A,v=1-A to find 


pa pa 
ie nda 
-1 5-1 sin(z) 


F(A)= 


It is easy to see (using the rule of L’ Hospital) that 


lim F(A) = — 


A> =| 


and defining F(1) to be this value we see that F(A) is analytic in the disc 
|A —1|<1. Its Taylor series centered at 2 —1 starts with 


2 2 2 
Fay= nb | nb (5), Inb(a? +In*b) 


i” 2(b-1) 6(b—1) Crs 


so that 
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2 2 
Fl) = Inb(z +In’ b) 
3(b-1) 

Finally, 

ies i sie = is ita Fe 

12 —- a-l 

Done! 
Example 5.4.11 


Here we will work with one excellent symmetric integral! 
This is Monthly Problem 12127 (August 2019). Evaluate 


i (HO @ api, Lit) a 


where 


: x” 
Li,(x)= o> 
n=l n 
is Euler’s dilogarithm (|x| <1). 
In the following work we will use the simple fact that 


ds./.__ In(l=x) 
5 His) =-———. 


Integration by parts gives 


J= {(i@ -Li,(2)) a 


= [(Li-Li9 d— 


i 
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0 x 


A, o- Li s(0) | - 2} CoOL) (Li =) Ind-x) , 


= A= ies “\aiw — Li, (x))In(— x) dx 


(where A, the first term, will be evaluated later) 


= = 2{(Li,@) —Li,(x)) ED) 
0 x 


dx 


of (Li, (1) - Li eo) ») 
0 —X 


= A- 2{ (Li, (1) — Li, (x)) d(Li, (1) - Li, (x)) 


+ (Li, (1) - Li, (x))d(Ind—x))’ 


-(Li,()- Li,@®)| +(Li,(1)-Li,(x)) in? (1 -x) 


je) (-x) 


=A+(6(2) +B+6¢(4) 


where B is the third term and the value 


3 


pea O29) 5 [ta 6c (4) 


1-t¢ 


is well known (see Example 5.4 8 above). Also 
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A=lim 


x1 


Li, (1) - Li, ; ; 2 ; 
( UE ©) _aiiay?=-CQ). 


The limit is zero. By the Mean Value Theorem, when x +1 the function 
Li, (1) — Li, (x) behaves like (1—x)In(1—x)/x and the limit is the same 
as 


lim(1 — x)In*(1—x) =0 
(It is easy to see that lim(s In” t)=0 for any m.) For the same reason 
ti 


B=(Li,(1)-Li,(x))In’ 1-2], =0. 


Finally, 


4 
a 


J=66(4)=——. 


Example 5.4.12 


Yet another Monthly Problem! Another impossible integral! The Monthly 
Problem 12184 (127, May 2020) asks for the proof of the strange integral 


_ fp ln(x* — 2x? +2) 


1 xix -1 


Here is the proof. We write x*—2x?+2=(x*—-1)’+1 and make the 


i dx = 7 in(2+ V2). 


substitution x =sect. Since sec” ¢—1= tan’? the integral becomes 


a/2 m/2 4g ‘ 4, 
i= i) In(1 + tan*s)dt = J in| 2° ou Jar 
d 5 cos’ t 

a/2 m/2 


= In(cos* t+ sin* t)dt— 4 } In(cosf)dt . 
0 0 


The last integral is known from Section 3.2 
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a/2 
i In(cost)dt = Fin, 


0 


We now use the trigonometric identities 
| 
cos t= Fis + 4cos 2t + 3) 
og Jd 
sin’ f= eo —4cos2t+ 3) 
from which 
4 4, 1 
cos’ t+sin" t= qo +3) 


and therefore, 


a/2 m/2 a/2 


i) In(cos* t+ sin* f)dt = } In(cos 4f + 3)dt — } In4 dt 
0 0 0 


a/2 


7 In(cos4¢+3)dt—a\n2. 
0 


The last integral here is known 


a/2 


i) In(cos 4¢ + 3)dt = Sin a9), 
0 


This evaluation comes from entry 2.6.36 (2) in the table of Prudnikov 
et al. [43] 


ja =o 


2n 
[ In(a+ boos.) de = 2 nF (0<b<a) 
0 


where we take a=3, b=1, and make the substitution x=4+ to get our 
particular case. Putting all pieces together we find 
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g =F in(6-+ 42) =rIny6+4v2 . 


Simple algebra shows that 6+4/2 =2+J2 (just square both sides) 
and the proof is finished. 


Problem for the reader: Prove the useful integral 


va =o" 


2n 
[ In(a+ boos.) de = 2 nF (0<b<a) 
0 


(using the method of Chapter 2 will be helpful). 


The trigonometric identities used above are very easy to prove. They both 
come from the double-angle formulas 


1 
cos’ f = > (1+ cos 2r) 


1 
sin? ¢ = re —cos2r) 


after squaring both sides. 


Example 5.4.13 


In this example we will entertain the reader by proving the integral 


e 4A 
[2S a 1 (cox F+sin A>0. 


= e 
reel” Bye v2 V2 


First some remarks. 
For b>0 by simple rescaling x > x/6 we can write this in the form 


2 _ Ab 
| ones dx = e v2 [cose sin 


x +5" ~ 3B 2 v2 /2 


which is entry 3.727(1) in [25]. With 2 =0 we have 
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rel 1 
dx = 
eee, op 2 


0 

Differentiation with respect to 1 gives also entry 3.727(4) in [25] 
(en 2 -4 
Leb 2b J2 


0 


while integration gives entry 3.734(1) 


* sindx a me Ab 
dx = l—-e 7 cos]. 
J x(x’ +b’) 2b! a 


0 


Now we start working on the initial integral. 

Well, our integral is a tough nut to crack! Such integrals are usually solved 
by contour integration and the residue theorem. We will solve the integral 
by using very simple facts about complex numbers. We start with the 


decomposition 
EA l 1 
x41: De Hi oe 4: 


and we also use some help from our old friend 


(oe) 


cos Ax Te 
i) 5 ax a 
x +a 2a 


0 


This integral was evaluated in the book twice — in Chapter 2, Example 
2.3.2, and also in Chapter 4, Section 4.3. Here a>0. First we replace a 
by Ja to write 


oo 


(2 TAA 
,x +a oye 


Now this equation can be extended by analytical continuation to the 
entire complex plane without the closed ray (—00,0]. In particular, we can 


ge 
take a=i=e? with 
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~ 
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1+i 1 1-i 


Vize4 =cos+isine =, — 
4 4 Jj2°> Ji V2 


This way 
*cosAx (1—i) “a/ , ae 
dx = ~—e *?| cos—=- isin 
J | paps 2 2 
_7 8 co A sin é {cos a +sin a 
24/2 V2 2 V2. V2)) 
Also, taking now a=-i= e2 with 
= |-j 1 1+i 
J-i=e += , = 
pan = ae 5) 
we compute 
7 cosAx m(1+i) - Pe: a's 
dx = e | cos—=+isin—— 
Ia 22 V2 V2 
is (co is sin )s co é +sin ) 
= = — - I = 
2 2B 2 
Then 
(2 _ 2 (wea [2S 
ae ed ate =a ee ae 
a £8 (cosA + sin 4) 
2/2 V2 V2 
Done! 


Problem for the reader: Prove entry 3.734(1) in [25] 
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Ab 


¢ sinax 1 = Ab 
ade i= V2 aan | 
J x(x" +b") ral aa 5; 


Example 5.4.14 


We will use again the integral 


dx = 
x +a” 2a 


(ze Fe (>0, a>0) 


(Example 2.3.2) in order to prove the very unusual one 


f sin(2n+l)x 1 _a [ 1 _(n41)a Sinh “a 


. 2 eA re . 
i sin x x +a a\2 sinha 


Here 121 is an integer and a> 0. The Dirichlet kernel sin(2”+ 1)x / sin x 
is a bounded and continuous function on [0,%) with period z and the 
integral is absolutely convergent. 
To evaluate the integral we use the well-known representation 

sin(2n + 1)x 


=1+2) cos(2kx). 
sin x 2 oe) 


Thus we have 


i sin(2n +)x_ 1 dx = i a - = f +2) cos(2k)| dx 


2 
i sin x x +a ‘al 


2kx = 2! a 
-£ 25)|jse0) dy is] Es BSe 


ial, x +a kal 


yl #1 { . tae" 
—t + e — + 
2a a l-e a 


2a 2 
2. ero) 
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a 1 er (e"4 = el a ( 1 saci sinh(ne) ) 
+ = +e ae 
2 e“(e“ -e“ a\2 sinha 

as needed. 

When 7 is not an integer, one needs to consider principal value integrals 
(see, for instance, the paper of the author “The integral formula of Poisson 
with principal value integrals...” at https://arxiv.org/abs/1503.01175v1). 


Easy problem for the reader. Show that 


m/2_s 
{ sin(2n + 1)x Boe. 


‘é sin x 


Three more problems, more challenging this time. Prove that 


m/2 
{ cos(2n + 1)x dx = (-1)" “ 


‘| cos x 


(22 sin(2nx) p= 29 vn (nz) 


)  sinx 


7 sin2nx) oe ely 
Ve cos x ae i 1 Mas 


0 


5.5 Catalan’s Constant 


Catalan’s constant 


already appeared in previous chapters. In this section we will present 
some important integrals evaluated in terms of this constant. The most 
straightforward example is 
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1 
arctan 
[ee ea. 


(5.50) 


0 x 


For the proof we expand the arctangent in Maclaurin series 


Wie: 2nt+1 


arctan x = ae 5 1 
n+ 


and integrating the expansion 


arctanx yo (-1)” x 
x = 2nt+l 


n 


between 0 and 1 we come to (5.50). This is the most popular integral 
representation of G. Another popular representation is the integral 


(5.51) = |= 


14x 


which is obtained from (5.50) using integration by parts. If we make the 


Pa: ae 
substitution x = ar) in (5.50) we get also 


1 m/2 n/2 | a ; 
ae a 
0 tan— cos” = 0 din ee 0 
2 2. ” 2 


with the help from the double-angle formula sin2@ = 2sin@cos@. Thus 
we have the very interesting evaluation 


m/2 


ee ole 
0 sint 


(entry 2.5.4 (5) in [43]). 
Another amazing similar evaluation is 
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loo} 


dt=2G. 


J cosht 


The proof now is very different. We write 2cosht=e'+e" and then 
using geometric series we have 


J at = (at = [tat 
) 2cosht @ +e > Lre 


feces ar=ft apa l"e ety ya 


n=0 n=0 


n —(2n+l)t 7 
ye 1) ils a} al oan 


n=0 


Next we prove the integral 


1 vy 
(5.52) jms de In2-G 


i 1+x 


which will be used later in Example 5.6.4. With the substitution x = tant 
we have 


m/4 m/4 


1 2 
[ROt®) a= } Insert = 2 [ Incostdt 
0 0 


14x 
--2{-Zin2+46}=%1n2-G 


by using the results in Example 3.2.1 from Chapter 3. In a similar way 


I 2 
In(l— x*) 1 
(5.53) J yar = Fn2-G. 
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We use again the substitution x = tan? and also the trigonometric identity 
cos” ¢—sin? f = cos 2¢ 


ie [ (in(cos? t—sin’ t)—Incos* t) dt 


0 


m/4 m/4 


= [ incos2r dr—2 | Incost dt 
0 0 


a/2 


1 
=— | Incose t-2{ -Zin2+2) 
2 4 4 2 


-3({-Zin2]+%in2-G=4in2-6, 
22 2 4 


Next we present one really nice companion to (5.50) 


1 2 2 
(5.54) (==) dx =4In2 Lae en 
0 


x 


We work this way: first we integrate by parts 


1 7 
[SES ae =— (arctan)? 
x 0 


1 
_ (arctan ae 


1 
arctan x 
+2{ Beane ay 


‘ 7 X(1+x7) 


1 
me +2f{4- “arctan xk 
16 Ae l+x 


x 


2 


wo” ao 2 ae 
16 1+x 
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Then we evaluate the last integral 


, 1 
-2 | a = -| (arctan x)dIn(1+ x*) 
l+x 0 


1 


In(1+ x? 
=—In(1+ x”)arctan x|, + [rea 
0 


lax 


4 eG =" -e 
4 2 4 


Putting the pieces together we come to (5.54). Done! 


Making the substitution x = tan? in (5.54) we come to another remarkable 
evaluation 


mld 
(5.55) lien i= ne 4G 
0 


(entry 2.5.4 (2) in [43)). 


And now we present a real jewel, an integral whose value is a combination 
of three important constants, Catalan’s constant G, Apéry’s constant ¢ (3), 


and the Archimedes constant 7. 


1 2 
= t) eu G 7 (3). 
: t 2 8 


For the proof we use equation (2.46) from Chapter 2 


r arctant 1 
| arctan — dt 
t 


8 
¢ (3) 5 


0 


together with the identity 


1 az 
arctan - = —-—arctant. 
t 2 
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This way 


1 


7 r arctan t 1 arctant { 7 
—¢(3)= i) arctan— dt = i arctan t | dt 
8 i t ‘ 2 


t t 


1 1 2 
az ¢ arctant arctan ft 
= f dt i ( ) dt 
0 


2 t t 


0 


1 2 
_=¢ { (arctan r) dt 
2 t 
and the desired equation follows. 

Problems for the reader: Show that 
a m 
[ dx =—In2+ G 
) \ cost 4 16 


i Pees 
2 8 


0 


[xtanxdx =-7In2 : 
0 


The last one is a principal value integral 


La 
——§ 
La 


[tan xd = lim } xtanxdx + | xtanxdx |. 

E> 

0 nu 
—+6é 

2 


Enjoy! 
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Example 5.5.1 


With some help from the above results we prove two interesting integrals 


1 2 
fin l+x CS a7 ap 
" x l+x 2, 


1 32 
fin l-x Lawes) 
i x l+x 4 


which are entries 4.2.98(8) and 4.298(11) in [25] correspondingly. 
Although not present in them, Catalan’s constant plays a big role in their 
evaluation 


1 2 1 2y_ 
fin l+x ae Be (cee ): Inx 
: x jl+x l+x 


0 


1 9) 1 
= [Ae x [ia=Fin2 G+G=Tn2 


1+x? 4 L+x° 
Likewise 
1 = a2 1 es ee 
fin l-x sae == x ): Inx 
A x glee 3 l+x 
== in2-G+G=2in2. 
4 4 
Example 5.5.2 


The interesting and challenging integral 


| 2 
{pind -2°)arecos xd a Lae 
4 


o~ 
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appears as entry 4.1.6(77) in Brychkov’s handbook [20]. We will prove it 
now. 
Starting with the substitution x = cost 


m/2 
[ina x°)arecos x dx = 2 


0 * 


tsint niu D) 
cos’ f 


m/2 


cost =2 J Ct eee 


m/2 : 
tIn(sin D4 
aa cost 


a/2 


ra : [ins pret 
cost 


0 0 sint 


5 tIn(sint)|2 
cost 


--2{ *In(sint) 2 


cost ae 


2 
a 


=—-4G 
4 
by using a result from Example 3.2.19. We leave it to the reader to verify 
the limits 


.  tin(sint . tln(sint 
lim ( ) = lim ( ) 
t>7/2 cost t>0 cost 


=0. 


Next to this integral in [20] we see a very similar one, entry 4.1.6(76) 
whose value does not include Catalan’s constant, but includes z°. 


ie x *yareeos.x abe = = In” a. 
x 24 


ote 


Possibly the reader is curious how such a small change in the integrand 
brings to a marked change in the value of the integral. In the next example 
we will solve a more general integral depending on a parameter @ where 
the above integral corresponds to @=-—1. 
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Example 5.5.3 


Here comes entry 4.1.6(75) from Brychkov’s table [20] 


1 

{tina + ax’ )arcecos x dx 
x 

0 


2Li 


4 2 2 


-2[ eer . ie) 
2 


(|a@|<1). We call this integral J(@) and apply the method from Chapter 
2. For technical convenience during the work we assume that 0<a@<1. 
Differentiating and integrating by parts we have 


1 1 
1 
ae { X arccos x { ese d(+ax’) 


2 x = 
)» l+ax 2a 1l+ax 


1 1 


1 
= — | arccos xd In(1 ox’ )= sessed + ax’) 
205 2a 0 


1 pin(l+a@x’) 
+ dx. 
2a! 4 1—x? 
The term with the limits is zero and in the last integral we make the 


substitution x =sin¢ to get 


m/2 


J\(a)= - [ Ind + asin’ nde. 
0 


This integral was evaluated in Chapter 2, Example 2.2.15, equation (2.18). 


l+vl+a 


J(@)=sIn 5 


Now we have to integrate this logarithm 
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+Vl+a@ 


2 


da. 


arl,l 
J(a)= In 
(2) 2 J a 
Proceeding with the substitution 1+ @ = 8’, a =f -1 we write 


ne 


dp 


1 1) 1428 
“fclgedalet oe 


_ (1+ PB), 1+ 8 ,1+8 1 , 1+#2 
-{( ; ne a aa 5 4B 


=finFa mits 4 
2 


(calling the second integral A) 


at 
2 2 


For the evaluation of A we notice that 


wit F lar: B)" --y CI pr 


1, 2 


at Bom 2" n° n=l 
-- yi PY =. _ 1 ith 
1 Bran -£B 2 
and therefore, 
re in ap- Se 
B-\ 


This gives 
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21+f i 
2 2 


2 1 

—J(a)=—In 

1 @ 2 
and returning to the variable @ we finish the proof. The constant of 


integration is zero. 
We can extend the result to the disk |@|<1 by analytic continuation. 


Example 5.5.4 


We want to pay attention to the integral 


[m2 a =21n2+G 
5 eee 


(entry 4.291(9) in [25]) where the integrand is the same as in Example 


2.1.2, but the limits are different and the Catalan constant appears. To 
evaluate this integral we follow the same method as in Example 2.1.2. Set 


F(a)= jae as 


for 1 >0.Then 


F'! x 
ea esereeata 2 


i [[z4 4 ja 
AP tli ll4x? lt dx 


oe) 


1 [2 
= 55 [arctan + as - 
A’ +1 1+Ax J, 


Therefore, 
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FaY= “In +42) 


Integrating by parts we come to the representation 


F(A)= = in( +42) In Aaretan A+ sa 
and from here 
F()= jar as == in oes +f a= Fd. 


The function 


arctan t (-i2"" 
Ti, (A dt= >) ———__ 
= jet t > (2n+1)° 


is known as the inverse tangent integral. It was studied by Ramanujan and 
Levin [33]. In terms of the dilogarithm we have 


Ti,(A) = shi (i) - Li, (-iA)]. 


Example 5.5.5 


We again recall the integrals 


m/2 
i Incost dt = —Fin2 
0 


nla 

1 
| incost dt=-1n2+—G 
. 4 2 


from Example 3.2.1. With the help of these two integrals we will prove 
the interesting entry 4.227(10) in [25] 
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m/2 
i) In(l + tanx)de=“In2+G. 
0 


Indeed, we have 


mlz 


m/2 5 
J ind. + tan x) de = fn( S2S=2 S02 Jay 
0 0 COSX 


a/2 a/2 


= ) In(cos.x + sin x) dx — \ In(cos x) dx 
0 0 


m/2 
| In V( cos cosx + sin“ sin] dx + Fin2 


0 


m/2 
ele ee i) Incos{ x4 Jax +Zin2 
2 . 4 2 


ala 3x ala 3x 
= J Incostdt + ——In2=2 | Incostdt +—In2 
—1/4 a 0 4 


-2{ “in2+iG}+tin2=Zin2+6. 
4 2 4 4 


A problem for the reader: Use the same technique to show that 


m/l4 
} In(1 + tan x) dx = in. 


0 


This is entry 4.227(9) in [25]. During the computation Catalan’s constant 
appears twice and cancels out. 


Further problems for the reader: Prove entries 4.227(11), 4227(12), and 
4.227(13) from [25]. Namely, in this order, 


7/4 


J In(l- tan x)dx= = In2-G 
0 
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m/2 


| In((— tan x)°)dx = > In2-2G 
0 


7/4 


i In(1 + cotx)dr=—In2+ GC: 
0 


Example 5.5.6 


In this last example for the section we present one curious integral also 
related to Catalan’s constant 


m/2 
J= i arcsinh(cosx)dx =G. 
0 


The substitution x = = —t shows that cosx here can be replaced by sin x. 


According to equation (1.21) we can write 


m/2 


Je i} In(cosx +V1+cos’ x ) dx. 
0 


Integrating by parts gives 


7? xsinx 
jo {3 


» Vl+cos’ x 


(the intermediate term is zero). To evaluate this integral we will use the 
binomial series 


2 (—1/2 
(1+ cos? x)? = ra Joos x 


n=0 n 


Putting this series in the integral and switching the order of summation and 
integration we compute 


m/2 al =1/2 
J= | ssi Joos | dx 


n 
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= se i yi x(cos*” x) sina} 


n 0 


2f—-1/2 a 
>>| eas f xdtossy™"p 
“yl Zn *, 


After integration by parts where the intermediate term is zero 


2" 
= =y - } } (cosx)"" | ; 
“2nt+l\ an : 


Easy computation shows that 


-1/2) (-1)"(2n 
n}) 4" \n 
and the value of the Wallis integral in the braces is well-known 


m/2 a 4" pre -l 
} (cosx)"" dx = 
: (2n+l1)\ n 


The result is 


tay - 
“— ema i 


n=0 


5.6 Summation of Series by Using Integrals 


In the previous sections we saw some examples of evaluating integrals 
by reducing them to series. Here we evaluate some challenging series by 
reducing them to integrals and then solving these integrals. 


Example 5.6.1 


Our first example is Problem 2063 from the Mathematics Magazine 
(March, 2019). Evaluate the series 
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co (- be 1 
S= 
2b aa 
The answer is S =1n2. Here is the proof. 


Separating the sum with n=0 and n=>1 we write 


(- ve 0 0 ey 7 
- ae * Loam 


where S, is the first sum and S, is the double sum. We have 


1 
(n+ky 


=ft te dt = frene edt 
0 


and therefore, 


| _ alte )= freva; 


(Changing the order of summation and integration is easily justified.) 
Next we integrate by parts 


Here 
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0 n=l n=l 0 


and also 


[yar =-ma+e") 
vite 


” =In2. 
0 


This way S, =In2—S, and S=S,+S, =1In2. Done! 


Example 5.6.2 


We present our solution to Problem 997 from the College Mathematics 
Journal (May 2013, p. 142). Evaluate the series 


0 n 0 a 2 
O= 7 
n=0 > nt k 


We show that o =In2. A nice companion to the previous example! 


For the solution we use the representation 


1 
1 ; = [x ldx 
n+ 0 


and we write 


3 cy = je {Seow | = { id dx 


FL Lae 
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Sif y"dxdy -[]{ Sov } ae — dx dy 


mop pn AtxA+y) 99 Uizo (+x)d+y) 


_ if dx dy 
oo xy) + x) + y) 
The integral is convergent, as will be seen in the process of computation. 


u 
We set y=— to get 
x 


r{ + du dx 
ints |s: 


Using partial fractions we can evaluate the inside integral. The result is 


7 Jol aed 


sXe 2 ia ae : 
Next, the substitution lac =l+¢t,or x= ta? brings this to the integral 
—Xx +t 


1tIn(l+) 
=—(——d 


which is obviously convergent. It can be evaluated easily by parts, 


jae In(1+2) j dt 
Ea ¢ |, 4t0+d 


eo) 


Jasna =In2+In2=21n2. 


1 


Thus o = In2. Done! 
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Example 5.6.3 


Monthly Problem 11682 (December 2012, p. 881). This is an alternating 
version of the previous series by the same author (Ovidiu Furdui). 
Evaluate 


This time o =. 
24 


Solution: Starting again from the representations 


1 
- = ie 
n 0 
. (-D*" kl kod ree a 
2, n+k alee 15% ) sealer ce 


we continue this way 


o=>C (/24) 2G n(f all = 


n=0 


= ff eee x"y"dxdy 


5 (lea y) 


7 11 , 11 dx dy 
= 1 ue eet x)(l+ y) greener. 


Here we set y= * to get 
x 


dx 
ae nts 
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Using partial fractions we can evaluate the inside integral. The result is 


1 
2 dx 
o = | In} —— : 
J (7) 


os ae 2 1-t a8 
The substitution 2 l+¢ or x= a transforms this integral into a 
+X +t 


more transparent one 


1 
<1 ROE, 
2 


‘A t 


which is evaluated this way 


In(l+?) oh ay Si a 
jEeeD a= [| URE) Se. 
0 kal k t k 12 


t 


2 
a ; ; ; 
Hence o = a . The evaluation of the last series above is left to the reader. 


Example 5.6.4 


Ovidiu Furdui and Huizeng Qin proposed the following most interesting 
problem (Problem H-691, Fibonacci Quarterly, 47 (33), 2009/2010). 


Evaluate the series 


2 
~ 1 1 1 
o= >» (-1)"| In2-—— yo 
2 [ n+l ~) 


n=l n+ 2 


We will evaluate this series and show that 


2, 

a 
5.56 o =F Find? es 
20) 48 8 any 2 
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where G is Catalan’s constant (see Section 5.5). 
We start the solution by noticing that 


1 1 l- een 
a = 
n+l n+2 2n wm O& 


(an interesting known identity). At the same time 


wo (_1\k-l 
In2= >. cD) 
i OK 


so that 


00 _1\F-1 1 
1 4 i ee [a 


In2 = 
n+l n+2 an ¢554. 


(the last equality is proved by expanding (1+ x)" in power series and then 
integrating term by term). Next we have 


-for(hSa) Berea] 


n=l n=1 


1 go 
[a 
ale oe 
2n..2n 


x J fesriess si 


tr = a dx dy 
aIDX oe ‘Testy 


= {J dx dy . 
yy (l+xy EESCTS 


Here we set y=u/x to get 


u-du dx 
-2-[{j se | oe 
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x 1 


rir( x? 1 1 u dx 
=| | 2 ” 2 2 2 2 du 
sly llte Ute lea lee l+x° l+u l+x 


xarctan x 


1 


1 2 2 
{ x oe 
5 Lee 2(1+ x) 


i x on a In(1+x° 


epee” 


ax 
l+x 


—x arctan x 


=I|n2 
: (1+ x*)(1+ x) 


a dal 
Zyl laa) 


Let us call these thee integrals A,B and C so that 


(5.57) -o=Aln2+—B+C 


and now we will evaluate these integrals one by one. 


The first one is easy 


1 


os 
(1+ x?)(1+<x) 


As f - dc 
! aay" A+x2) 20+x*) 


a oe hos ea 
2 4 8 4 8 
Next 
1 2 1 2: 1 2 
put [A aie [BOE —— ) oe 
2 l+x a Lee ~~ Lx 
We have 
(eer = sina? ding +?) 
l+x 


0 


1 2,2! 
= 7nd +2°)) ie 


and from (5.44) 


(In 2)° 
4 
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1 2: 2 
(t=) te 3 nay? n 
l+x 4 48 


0 


Now the integral in the middle needs attention. We know from Section 5.5 
that 


1 2 
(5.58) i dae == in? G, 
0 


Now we can write 


2 2 
pu) (In 2) ,7in2 2 _G\l. 
2 2 2 48 


It remains to compute C. 


—x arctan x 


1 
Oe aaa) 
4 (L+x7 en 
1 
-3){ : . 5 : -} stetan x 
25\l+x 14x 14+x° 


1 P arctan x P x arctan x P arctan x 
= } dx } 5 dx } ; dx>. 
l+x l+x ee 


Here 


dx =—In2 
l+x 8 


1 
| arctan x a 
0 


(evaluated in Chapter 2, see equation (2.3)). Integrating by parts and using 
equation (5.58) we write 


dx = In2-— 


= ais ) 5 
5) +x" 8 2 


1a 
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9-4 |Z G\s 2 =i. 
8 2\.2 2 8 
r arctan x ; 1 1 7? 
[- dx = [arctanxd arctan x = — (arctan x)’| =—. 
5, L+x° 2 0 32 


Collecting these numbers we find 


Now we put these numbers in equation (5.57) and simple algebra brings 
to the desired evaluation (5.56). 


Another challenging series similar to (5.56) is 


Won © (_pjey 2 (_yyr ne 
yo Eo )-£2 fina } 


im ntk 


2 


a 1 3 | 
= gee soe) 


It has been evaluated in [12] by the same method - reducing the series to 
integrals. 


Example 5.6.5 


In line with the previous examples in this section we evaluate the series 


off | 1 1 1 
Sorta) =) 


by using integrals. This is Monthly Problem 12250 (The American 
Mathematical Monthly, November 2020, p. 853). 


Using the representation 
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1 ; = lier 
(A+2ky # 
we have 
1 1 — 
a am aoe 
n (n+2y "Gy + yt 3 (n+ op 
a 2 2 00 : 0G te 
= te?) = te” ek . dt = dt 


by changing the order of summation and integration (this is easy to justify 
and is left to the reader). Also 


This way we can write 


aos mf di = nt i, di 
i fee er j ZI f° ce ;] | 


and again by exchanging integration and summation 


_ t y —nt 1 
ar \ de ( e z-5)a fale e- =( --3 a 
-i( _ -t S -t Je 
Wwe Je") 20-e°) 


-( : te" : Je 
i. (e' -I(e-1)-2(e' -N) 


From here we use the technique of partial fractions to decompose the 
integrand 
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“(1 ft 3 ¢ 1 t 1 1 
o=( 4 1 + t a 1 2 t dt 
wwtetl 4e-1 2(=-l) 2e-l 


t 37 t 1 
: ie at gga = Altea ora 


The first two integrals are easy to evaluate. Using the well-known 
representations of Riemann’s zeta function for Res >1 


s-l 1 


Ja =¢(s)T(s); =(1-2'")¢(s)T(s) 


(see (4.35) and (4.36)) we have 


17 ¢ a7 4 3 1 
2)= dt = 2)=—. 
ileal =26(2)= co yt =FSQ=5 
We are left now with the integral 


° 1 
-3i[ e 2 t Ja 
24\(e'-1P ef -1 


The substitution wu =e‘ —1 brings it to the form 


p=3 (Be | du a+ (et gy, 
pa 2 


. ut+l 24 w(l+u) 


u u 


Here we integrate by parts 


ay (aoe Ind+u)-u ul (oe 9 i 
-- be u (l+u)u |, su(+uy)? 
__f m+) g 


using the fact that 
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Gee) __ In(l+w) 


l+u (l+u) 


Next we make the substitution x =In(1+w) to write 


p= [AG ay = _ { x jee (oe +e’ re 
4 u(l+u)” (e* —Ne* (e -De* 
o ioe) x 1 
= [xe"ae-[— —— eal 
eC = 6 


(the first integral in the last line is (2) =1 and the second was evaluated 
above). We found that 


1 «x 


2 12 


and putting the pieces together we finally get 


mz 1 
=—+-. 
6 2 
5.7 Generating Functions for Harmonic and Skew-Harmonic 
Numbers 


In this section we present several power series where the coefficients 
include harmonic or skew harmonic numbers. The creation of these series 
is based on the evaluation of some interesting and challenging integrals 
involving the logarithmic and polylogarithmic functions. 

The first subsection here is dedicated to harmonic numbers and the second 
subsection — to skew harmonic numbers. 


5.7.1 Harmonic numbers 


The harmonic numbers 
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Pees es H, =0 
2 n 


already appeared in this book. Here we will use also the generalized 
harmonic numbers 


I I 
H®) =14+—+...+—, HY =0, p21 
2” n? 


and the polylogarithm [33] 
ie 
=o 


n 


ies > 


In this section we produce various generating functions for these numbers 
by repeated integration. In the process we will encounter some challenging 
integrals. 

First a simple lemma. 


Lemma 5.2. Let f(t) =a) + a,t+ a,t* +... be a power series. Then 


(5.59) ‘Sa => 0" > air} 
1-At = 


n=0 n=0 


for an appropriate parameter 1. 


For the proof we expand (1—At)' in geometric series assuming that 
| At|<1 and multiply the two series. 
Starting from the expansion 


| 
-log(i-)=>'-2" (tk) 
n=l 


we obtain (using the lemma with 2 =1) 


= —log(I=1 
(5.60) >A, t" oe 
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This is the well-known generating function for the harmonic numbers. In 
the same way, using the lemma we find 


E Li,() 
5.61 HE? ph =? 
(5.61) po i eer 
Integrations in (5.60) gives 
(5.62) YH em 25 Fora 
, = "ntl ny 2 : 


From here, since H, = 1 


n-1 


1 , 
+— we can write 
n 


a ar 
(5.63) YH, —= 5s" (1—t)+Li,(t). 
n=l n 


Clearly, 


and with ¢=—1 in (5.63) we find the evaluation 


y= H,,= | 1og?2 
n 2 


n=l 


The dilogarithm Li,(¢) satisfies Landen’s identity [33] 
bs . te 
(5.64) a d-f)+1L1,@=-hi, ae 


and so (5.63) can be written in the form 


We notice that from (5.64) with ¢=-—1 
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. fl w Vs .s 
Li,| — }=——-—log*2. 
° 3) a ae 
Next, with the help of the identity 


ee a ae 


n-1 —_ n-l n 
equation (5.62) leads to another generating function 


(5.65) > (H2 -H2,)t"=log2(1-1) + Li, (). 


n=l 


Applying the lemma and simplifying the telescoping sum on the left-hand 
side we come to 


Bo 2 _ 
(5.66) \ Ht" = log'd 0 HHO 
n=l a 


Dividing here both sides by ¢ and integrating gives 
< fie . 1 

(5.67) > A, —=Li,()— log -nLi,()- zie (1—f). 
n=l n 

For this integration we use the decomposition 


log’ (1-1) + Li, (4) _ log’ (1-2) a log’ (1-1) " Li, (4) n Li, (4) 
t(1—f) t l=9 t 1-t 


and then 


% nt 27) t 27 
SH?! =(*8 (1 ae + [8 (1 x) ie 
x , 


n=1 n 0 x 


+[E2@) i dx + pao *) dx. 


o * 9 1x 


The second and the third integrals are solved easily, since 
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i My) = Li,,(0). 
x 


0 


Integrating by parts the last integral we find 


(5.68) pac a) i= las) poeta iS) 4 


0 


and (5.67) follows. 


The series in (5.67) converges absolutely in the disk |¢|<1. It does not 
converge for t=1, but converges for ¢=—1 and we obtain 


as YH = Li, (-1) — log(2)Li, (-1) 5 log'(2) 


n=1 


We have 


Li,( p= =-260) 


n=1 


so that 


2 (_])" 
yo 


3 iG 1 
3) + —log(2) -—log*(2). 
Ly 492) 2 g(2) 3 g (2) 
Dividing both sides in (5.67) by ¢ and integrating again we come to yet 
another generating function 


t” 
oo 
n 


2 
Hf; 


Ms 


(5.69) 


=Li,(t)+ o(Li (1) - sleste log’ (1-#)—log*(1-n) Li, (1-4) 


+2log(1— 1) Li,(—1t)-—2Li,(1-1) + 2¢(4) 
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9 , 121; 625 4, 18769 ; 
t+ t+ i ot t 
16 324 2304 9000 


Here is the proof. Let first 0<t<1. We have 


SHS Z =f [PEO 8 ti, [9 dt 


= Li,()+— “(Li,@y - tpl) 4 


since 


-log-‘) d.. 
~~ =—1Li,(f). 
’ 7 2(t) 


Now we evaluate the last integral. Integrating by parts we find 


PEMD d= tog(ilog? (11+ 3] EOE CMD yy 


and then with the substitution 1-t=x 


f log(t) log’ (1-1) ae f —log(1— x) log’ (x) . 
1-t x 


=y= ~ J x" log" (x) r= $2] og?) -25 og + 255] 
n) n n n 


n=l 1 n=1 
= log’ (x) Li, (x) — 2log(x) Li, (x) + 2Li,(x)+C. 


Returning to ¢ and putting all pieces together we form the right-hand side 
in (5.69). With t>0 we compute 


6221) = = 


n= 1 


=6(4). 


This way we finally come to (5.69). 
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Some terms on the right-hand side in (5.69), like log(t)log* (1-1), are not 


analytic in a neighborhood of zero, but all terms together represent an 
analytic function. The right-hand side in (5.69) is well defined for 0<t<1 
and equation (5.69) provides its analytic continuation in the disk |t|<1. 


Both sides are defined also for t=1, so we have 


oH? (72) 172% 
—1=3¢(4)4+-|2- | = 
aa. cae3{™) 360 


which is a well-known result. 


Adding equation (5.61) with p=2 to equation (5.66) we find 


= log’? (1-1) + 2Li, (4) 
5.70 H?+H®)t"= 2 
(5.70) LHe +H”) i 


2..{ -t 
_t3(*) 
1-t 1-t 
At this point we use the fact that for any positive integer p 


d.. 1. 
Pere (t)= 7, (t) 
ag ; 
and then setting u = ae we apply the chain rule 
—t 


d.. 1,. du 
Hen) = Pe ae 


Sti, [= )- ui,( =}. 
dt **\1-t) t0-t) ?\l-t 


From here we conclude that 


that is, 
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1 F —t oa at 
(5.71) Joo, )a-ui,.(}ec. 


We will apply this result now. Dividing both sides in (5.70) by ¢ and 
integrating we come to another nice generating function 


(5.72) Y (#2 +HO)E= 2Li,( ~). 


Repeating this step again, dividing both sides by ¢ and integrating we find 
also 

(oe) 5 f" 
(5.73) > (47 +4?) 


n=l 


2 
—t —t —t 
=-2Li,] —— |+| Li,| —]] -—2logd—‘)Li,] ——}. 
(4) {=)) a{l—£) {= 
Applying the lemma (5.59) to equation (5.72) gives 


2 (| .. Sat Pag 
Ey latemeypr a(S) 


n=1 k=l 


n 


Now we can use the identity (see [3, p. 129]) 


3 : (H2+H) =5(#) $38 Be) 


k=l 


to write 


(5.74) > (H3+3H,H? +2) 1" = Li, (=) 
n=0 = =1 


Dividing by ¢ and integrating this yields in view of (5.70) 


(5.75) (#2 +34, 42H) 5 = 6Li,( = | 


= n 1-t 
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Adding the equation 
= —2 Li, (t) 
2)? t" =—> 
2, n 1-t 
to equation (5.66) we come to 
a log’ (1-1) 
5.76 Fe hae: en ee 
(5.76) LHe Hf = 


and integration gives 


~ 2 ay) f ol 3 
(4; H,”)-—> =~ los" t). 


n=0 1 
Next we prove the representation 


(5.77) press 


= +log@) log? (1-1) + log(l 1) Li, (1-1) Li) + Li) +603), 


An equivalent form of this representation was computed by Ramanujan in 
his notebooks. Ramanujan’s result can be found in Berndt’s monograph 
[6, p. 251], namely, 


3 H, a 
(n+1) 


n=1 


= +log() log? (1-1) + log(t Li, (1-1) Li) +603) 


(see also [33, p. 303]). With ¢=1 these representations give 


ice 
ae =a ) n=l (n + 1)? 


Here is the proof of (5.77): We divide both sides in (5.63) by ¢ and 


=6(3). 
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integrate. The result is 


a, € Leloe iad ; 
(5.78) aaa et dt +Li,(t). 


The evaluation of this integral can be found in Levin’s book [33, p. 159]. 
We will give this evaluation here for the convenience of the reader. 
Integrating by parts we write 


pee 8 a = log(t)log?(1-1) +2] wen 4 


and then in the last integral we use the substitution 1-7 =x 


— dt =-| log(1— x)log() 
1-¢ x 


= f nx Li, (x) = InxLi, (x) - [2 ae 
xX 


=InxLi,(x)-—Li,(x)+C 
=los(l—7) Li, (1-4) -—Li,(1—2) +c. 


Assembling these results we come to (5.77). The constant of integration 
is computed to be C= ¢(3) by setting t=0. 


Another interesting manipulation is this: From (5.61) we have 


Sapa Lia _ Lisl), Lito) 
n=l t(1 _ t) t 1 —t 


and then by integration 


a Li, 
AO = Lips |— “de. 
2, n n 3 (0) | 1-t 


Now in view of (5.68) we write 
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n=1 


hie ie GHiosi iia poeta =) 5, 


At the same time from (5.63) 


YH, pest 1) e+ 2Li, (8). 
0 


n=l 


Adding these two equations we find the useful representation 


t” 
LHe + 21,4 —=3Li,() -Li, (A) log(1-n). 
n=1 n=1 
Dividing both sides by ¢ and integrating (integration is easy) we come to 
t" ; 1... 
(5.79) YHe Ss a 2H, S —=3Li, (1) +5(Li,0). 


n=1 


In particular, with ¢=1 we find 


0 (2) 
>= +2 =3¢(4)+— (2) Ue 


n=l 


Subtracting (5.67) from (5.72) we come to the generating function 


He ” 


n=1 
=-2Li {= .)- Li, (t) + Li,() Ind -1) += = log" (i-f). 
A project for the reader: Dividing by ¢ and integrating show that 


(5.80) pais = =-21i,( ) tig + 2Li,0-9-26 
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fs ni f l;. 2 
—2 log(1—1) Li, (=) + ui, =) — 3 (Lis (t)) 


+ logs log’ (1-1) + log’ (1-) Li, 1-1) - 2log(1—1) Li,1-2) . 


Using Landen’s identities for the dilogarithm (5.64) and the trilogarithm 


Li,( S| wets td) 
l-z 6 


2 


ae) log’ (1—z)+ r log(1— z) — Li,(z)+ ¢@G) 


some terms above can be simplified. Thus (5.80) becomes 


(5.81) ye = -21i,[ .)- Li, (1) + 2Li,(-#)—2¢(4) 


n=l n 


+5(lit (t)) + 2log(1—1)(Li, (4) — €(3)) + slosrlog" (1-1) 


l 40 _ 2 - 
“a5 08 (l—t)-—¢(2)log’ (1-1). 


Subtracting (5.80) from (5.78) and simplifying we come to one important 
generating function 


2 
= t" —t —t 1 —t 
H, — =Li,} —— |+ log(1-f)Li Li 
2 "n° {<] ae {) Al {=) 


+2Li,()+— (Lis (t)) - Zlogt log (1-1) — Soe” (l-ALi,d-2) 


+log(l-) Li,d-) -Li,d-) + ¢(4). 


In simplified form 
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6 Sie Gen (=) +2Li,()-Li,(-)+6(4) 


n 


n=1 


-log(1~1)Li,(#) -=log( log" 1) +s log'( t) 


+¢(3)log(d + “log? (1-2). 


Using the obvious relation 


the above generating function can be written also in the form 


cd rr" 


‘ —t : ‘ 
(5.83) LH "Gal Li} Li Lis -9 +6) 


=0 


-log(1=1)Li,(#) ~=log( log" 1) +s log'( t) 


+¢(3)log( + “log? (1-f). 


Ramanujan worked on this problem more than hundred years ago. After 
he died on April 26, 1920, his wife gave his notebooks to the University 
of Madras. The notebooks were analyzed in depth much later. In Entry 10, 
Chapter 6 of his notebooks Ramanujan showed some properties of the 


; ; H. : 
generating function for the numbers Cane , but this function was not 
n+ 


given explicitly (see Berndt [6, p. 253]). 


Problems for the reader: Using the above techniques show that 


= 1/1 -t 
5.84 Bat = log’ (1-t ui( 
(5.84) 4A, = g'(l-1)—Li,| — 


n=l 
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and also 
(5.85) DH, = alan, a -) +2 (oboe 


The following evaluations are also left to the reader. 


a a (1 Ie 4 
CD” —— =2Li, o + Li,(-1) - Li, (-1log2 zie 2 
n=l 


2 


1 
i ar 


2 


erg log2 
Y= 63) —7, log 


n-l A, 1 
=2603) +i 1) oy =460) 


xe Fae ite, 


n=l n=l 


~ (-1)"" _3 1 7 8? (log2)* 

ff? = 

2 rea a : 

a log2 ‘ (log 2)° 
6 3 


- 2 2) -l ie 7 
(#3 +42) =F) 


n=l 


2 


00 =I" oO Sl me 9 1 
qocy +2) H = 3 log2. 
" n 2, "on 4° | ) 12 . 


n=l 


5.7.2 Skew-harmonic numbers 


The skew-harmonic numbers already appeared at the end of Chapter 2, in 
Examples 2.5.3 and 2.5.5. We will take a closer look at these numbers now 
and generate various power series with skew-harmonic numbers in their 
coefficients. 

The skew-harmonic numbers are defined by 
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n-1 
H, =1 ee Z (n=1,2,...); Ho =0. 
n 
Their relation to the digamma function is given by 


a iy) fai ae) 
ae v( 2 v( 2 ) 


and because of this representation sometimes it is convenient to work with 
the expression H, —log2. 


Applying Lemma 5.2 to the series 


log(1+f) = ya ve (|t|<1) 


n=l 


we find the generating function for the skew-harmonic numbers 
logd+t) < 
(5.86) a 


Combining this with the series 


wee : =, (log 2)” 


n=0 
we write also 
(5.87) (H, -log2) 1" =—-log (+) 
n=0 1 —t 2 


This series is convergent in the disk |t|<1 and also for ¢=1. 
We have 


H, -log2= con { — + ee +] 


n+l n+2 n+3 n+4 


=-0"( a + 
(n+1)(n+2) (n+3)n+A4) 
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where 


1 1 
b= + tae 
(n+1)(n+2) (n+3)(n+A4) 


=< : + : +... : 
(n+1)(n+2) (n+2)(n+3) n+l 


so b, 0 and 5b, is also monotone decreasing. Therefore, the series in 
(5.87) for t=1 is a convergent alternating series. 
Computing 


| l+t¢ 1 
lim log = 
1 |-t Z 2 


we find 


Proposition 5.3. For all |t|<1,t41 


< t” 1-t 1 
5.88 A at | aa tee = ok 
(5.88) 2 {5 (5) »(-t)— log(1—1) log 
14 4) thee Aes oo 
215 2 g g 7 g DD 


(This representation appears in a different form as entry 5.5.27 in Hansen’s 
table [26].) 


Proof. We notice that 


d_.(l-t) 1. (14t) logd+f log2 
(5.89) ui,( )- og ga ee 
RD) ie ie? fez 


and therefore, 
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> H, 1” 7 log(+¢) = d Li,( 5*) + 282. 


== id 1-t dt 2 1-1 


Integrating this we find 


6.90) Sus . ui “)- Lis( 5) -log2t0gtt-1 


nal n+1- 2 


which reduces to (5.88) because 


oo _ 


: -YH, Ss Lig(- t). 


n=l n+l n=l 


Equation (5.88) can be written also in the form 


oo 


(5.91) >.(H; -l0g2) =ui,(5] ui( >) Li,(-1) 


n=1 


by moving the term log(l—7)log2 to the left-hand side and expanding 
log(1 —f) . This equation is defined on the whole closed disk |t|<1 while 
the series in (5.88) is not convergent for ¢=1. This way we have 


~ 1 1 ; 1 
(es , log2)—= —-Li s[5]-tico=Z00?2 


n=l 


by using the values 


n° 1) wv 1 
Li, (-l)= . Lig) === lon" 2 
CY 12 15)" 12 2 °8 
With r=—1 
00 _yyr-l 2 2 
yi log2)$ ) Goes 
= n 12 > 


or 
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In view of (5.89) equation (5.87) can be written as 


Y (Hy —log2) " - <li, =) 


n=0 


and integrating this we come to 

2 ais 17 1 
H, —log2 =Li Li : 

aI ee lene Hl 2 5] 


Proposition 5.4. For |t|<1 


I 
oS 


(5.92) (Hz) 
a Jie dios tog 42) 421i [5 ]-24i (4) 
9 2 g 8 2 D) 2 ) 


and for |t|<1 


(5.93) > (A; -log2) 0” 


n=0 


1 . 2 .(l+t vif 
Lui +10 2 a 5 ui(4}]| 


where the value at t=1 of the right-hand side is understood as the limit 
fort 1. 


For the proof of the proposition we need a lemma. 


Lemma 5.5. For every n=1, 2,... we have 


(5.94) oy a Hy =(H;) +H. 
k=1 
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| l 


(Recall that H,” = lt tet ) 


Proof of the lemma by induction. For n=1 the equality is true. Suppose 
now it is true for some n>1. Then 


1 k-1 - n k-l 2s 
w(-lY A De, Zc geen 
Dy _ ay. 7 1 


kl k n+l 
1 
= (Hz) +H 42 YF 
n+l 
= n 2 1)’"H 
=| Hz, -2_| 4-42 
n+l (n+l) n+l 


The proof is completed. 
Now we turn to the proof of the proposition. Replacing ¢ by —f in (5.88) 
we have 


yon i, ti, +) ui(5) Li, (t)— log(1+ t)log2 


and with some help from Lemma 5.2 and Lemma 5.5 we write 


map CON He as ‘Hy , =S{(azf ape 


n=1 n=1 


= 2 tie + log(1+#)log2—Li, (x) +Li, 5). 


At the same time 


SH 4 ae (t) 
—f 


n=] 
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which inserted in the equation above leads to (5.92). 
After that we write 


(H, -log2) =(H;) —(2log2)H, +log?2 


and with summation starting from n=0 


ee) 


poem —log Ne 


n=0 


= y (Hy ye —2log2)\ HH; , oe ¥ (log? 20" 


n=0 n=0 n=0 


Now (5.93) follows from (5.92) and (5.86). The proposition is proved. 


Remark. Setting ¢=—1 in (5.93) we compute 


= n - 2 1 : 2 : 1 _ a 
UC) (H,, —log2) = Lis + og De 2A, Glens 


This provides an independent solution to problem 11682 in the American 


Mathematical Monthly (see Example 5.6.3). The series in (5.92) converges 
also for f =1, as we have the estimate 


(H, —log2) < ate 


Computing the limit of the right-hand side in (5.93) we find 


H, -log2 : =log2. 
(7, -log2) 


Ms 


Il 
So 


This equation repeats the result from Example 5.6.2. 


Equation (5.93) presents an extension of Problem 997 from the College 
Mathematic Journal. 
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Proposition 5.6. For all 5 <t<l 


tu 


(5.95) 2H,  GaDF 


epee . t _(l+t _{ 1 : 
= (1 Li Li +Li,| — |-Li,(t 
(ia [a] ( 2 5) “ 


+log(1+ afi (t)+ Li, Gg + | log2log( + | 


or, equivalently, 


(5.96) iy H- 


2t t 1l+¢ 1 
=Li Li Li +Li Li, (t) — Li, (-t 
(2) aa( s(n (Ytneo taco 


+log(1+ afi (t) + Li, G + | log2log( + o| : 


The representation (5.95) results from (5.90) by dividing both sides by ¢ 
and integrating. The detailed proof can be found in [11]. 


Proposition 5.7. For |t|<1 


ioe) > n+l 
5.97 H> -1og2) 
(5.97) 2 , ~log2) —— 
t 2 
fea AAS © a + log(l- f)| 2Li, [= “|= 
Jy 2) 6 


l+t¢ . (1 
+2log(1 + 1)(log” (l- t) — log? 2)+ 2109 Li ce 5 )-ti (5) 
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2 .(l-t .{l-t af 
—2log2log* (1-1) + 4log(1—1) Li, a. =4) La,| — |= Li, |= | |, 


where for —1<t <> 


jie 


i 


=: 571: (=) ~2Li,() + log(1—A) Li, (1) + silos’ (I-71) 


and for 0<t<1 we have 


fue (x) 


0 


dx = 2[Li,(-1)-¢(3)]-log(l nfund-n+ |, 


For the proof we divide by ¢ in (5.93) and integrate. Details can be found 
in [11]. 
5.7.3. Double integrals related to the above series 


Some of the generating functions considered above can be represented by 
double integrals. Starting from 


1 


1 
ST eae 
nt+k 4 
we write 
log2—H- = — ( 1)‘ ; -Je"| Sere bac | Ped he 
"4a ntk 0 k=l 7 Le 


and then for |z|<1 
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_< rx"dx \f py"dy x"y"z"dxdy 
SUS Bees 
re ‘ i dxdy 
“Ido = (l+y) 


“ff dx dy 
44 (1-xyz)+x)(+y)_ 


Therefore, from Propositions 5.4 and 5.7 we come to the following 
corollary. 


Corollary 5.8. For |z|<1 


dx dy 
(5.98) g(z)= eo xyz)+x)(+ y) 


- i {res log? 2 o£) u()]| 


with g(1)=log2 and g(-1)= we Also, by integration 


1a log(1— xyz) dx dy 
(5.99) i eerrrenr rey 


— Flic 7 _(l+z) a 
= dt + log(l o|aui,( : | 


+2 log(1 + z)(log*(1 - z) - log” 2) + 2og2| ti, [ 2) =i =) 
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~2log2log?(1- z) + 4log(1 ayti,( +) a 1i,(52)-ui (=) 


5.7.4 Expansions of dilogarithms and trilogarithms 


Consider the series 


—logd- 


on” 


with an appropriate parameter 4“, where —1< wx <1. Using Lemma 5.2 
with 2=—1 we have 


—log(1— ux) Lx) -S{yow bu) \- ly" n 


l+x nat 


We notice that 


(5.100) 2 /1;,( 242) Li,( as ) 
dx l+x 1+x 
_ —log(l- yx) Lx) (- by) 4)" n-1 
x(1+ x) “Spc k aie 


Integrating this we come to the following result. 


Proposition 5.9. For any | 1|<1, |x|<1 we have the expansion 


(5.101) ui,(H*) Li {4 )- Sy ycee wr hou 


l+x 


With «=-1 this turns into equation (5.63) in view of Landen’s identity 
(5.64). When =1 we have a new version of (5.88). 


Equation (5.100) also says that 
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S|1i,( S22) Li( us ll 
dx “\ l+x l+x 


log(1— ux) 
lt+x 


—log(1— yx) : log (1— ux) - d 


Li, (ux) + 
x l+x dx (ux) 


Integrating this by using (5.100) we come to the known identity 


(5.102) ui, 222) + 1i,[ 2) Lic 
l+yu 


l+x 


ti, 7}, | 4 log(1+p)log(1 +x). 
l+x l+yu 


With w=1 this becomes 


ui,(2*)+1i,(4*)-Lie 


l+x 


x 


= Lif +ti,(4 + log2log(1+ x). 
“\1l+x 2, 


2 Mitte coal : ee 
This identity shows that the function L1, (7*) extends on the closed 
+X 


unit disk |x|<1 except for x =—1. This function appears implicitly in 
the works of Ramanujan (see [6, Entry 8, p. 249]). Ramanujan considered 
the function 


oO 


fo = D134 - ! \- 
3. 2n-1) 2n-1 


n=l 


and proved that 


t Ls 
(=) p08 (l-2)+Li,(@). 
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‘ heuets t : ; 
With the substitution — we can put Ramanujan’s result in the 


form 


2x 1 l-x = 1 1 aS 
Li 4+—loo" = 2) /14+—4...4 ; 
{) a” 14g >( 3 ae 


Li, (x) = y 


n=l 


be the polylogarithm. It is easy to check that for every integer m=2 and 
for an appropriate parameter 44 we have 


fa. (S288) nal 
dx l+x I+x 
oto [u, (8) -u,(2)] 
x(1+ x) 1+x l+x 


With m=2 from Proposition 5.9 we have 


d fui, ( Coe) ui,( x ) 
dx 1+x l+x 
ato [u(*24)-u() 
x(1+ x) l+x l+x 


1 ST) (ay | 
Sor scw"). 


~ x(1-+ x) mil Mo 


and applying Lemma 5.2 this becomes 


1SJ< ems | “6p! n 
ER SEP 


X n=l | k=l 
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“a ‘ (= wy n a=. 
“SS Hore. 
n=l | k=l j=l 


After integration we come to the remarkable expansion: 


Proposition 5.10. For any | u|<1, |x|<1 


(5.103) ui, a=) Li,( 7 
1+x 1+x 

(= My’ ela 

SEEPS 


(with analytic extension of the left-hand side when needed). 


With w=1 


2x x | 4 A, 
Li Li = 
‘] Gs] aps 


With “=-1 we have 


: x my oes Pale 
L = —t + * x” 
(4) pS k | n ‘ 


which is equation (5.72) in disguise because of the identity 


Slt 24 FO) 
Dermat e +H, . 


This nice identity is similar to the identity in (5.94) and can be proved the 
same way. 


5.8 Fun with Lobachevsky 


In this short section we look at some simple, but amusing integrals. 
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First, recall the classical integral solved at the beginning of Chapter 2 


5.104 psinx 7 
(5.104) |—-4ae=5 


Xx 


0 


Can we replace here sinx by cosx? 


oO 


i 


dx =? 


o * 


ss behaves like z 


x x 


No! This integral is divergent, because the ratio 


close to zero. 


However, we can multiply by cosx the integrand in (5.104) to get 


(5.105) ee 


0 


(second case in entry 3.741(2) in [25]). This result is very easy to explain 
by using the trigonometric identity sin(2x) = 2sin xcosx 


ice} 


cos xsin x sin 2x 1* 
J x de = | 2x =) 2x 


0 0 


sin 2x ddx= a 
4 


Can we replace here cosx by sinx? No, the integral becomes divergent 


ive) 2 . . 2 
(5.106) ja-/(F Deh 


0 x 0 * 


To see why this integral is divergent the reader can analyze the proof that 
(5.104) is convergent in Example 2.1.1 and see why it does not work for 
(5.106). 


At the same time 


a+b 
a—b 


(5.107) { sin(ax)sin(bx) is : i 


x 


0 
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for a>0,b>0, a#b (entry 3.741(1) in [25]). This result comes from 
equation (5.13) after writing the product sin(ax)sin(bx) as the difference 
of two cosines 


1 
sin(ax)sin(bx) = 5 (cos(a —b)x—cos(a+b)x). 
(See also equation (2.2) in Example 2.2.10.) 
Representing the product sin(ax)cos(bx) as a difference of two sines 


when a> b> Owe find (first case in entry 3.741(2)) 


(5.108) 


{ sin(ax) cos(bx) aad 
a 


0 x 


This is somewhat counterintuitive in view of (5.105). (See also Example 
2.2.12.) 


Multiplying inside (5.105) by cosx we get 


(5.109) dx == 


0 9 yi 
cS xsin x A 
x 4 


0 
Interesting! The same value as in (5.105)! But how do we evaluate this 
integral? In fact, it is true that 
+ cos’ xsin x 7 1 
|———« = i) cos’ xix =—. 
x 4 


0 0 
What we see here is a special case of the following. 


Lobachevsky’s Integral Formula. Suppose f(x) is a continuous function 
defined for x =0 with the property f(x+7)= f(x) and f(a-x)= f(x) 
for any x20. Then 


sin x 


(5.110) {fe dx = i f(x)dx 


Xx 
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{ roo( 2] dx = { fxd. 


Xx 


(Nikolai Ivanovich Lobachevsky (1792-1856) was a Russian mathematician 
who invented the hyperbolic geometry.) More details about this integral 
formula together with an interesting extensions can be found in [55]. 


For the cosine function we have 
cos(x — 7) = cos(z — x) =—cos(x) 
and we see that the functions 
f(x) =(cosx)”, f(x) =|cosx| 


satisfy the conditions for Lobachevsky’s formula. Clearly the same is true 
for the functions 


f(x) =(sinx)”, f(x)=|sin x]. 


For our examples we will use the well-known Wallis integrals 


m/2 a/2 
Wi = | sin" x dx = i) cos’xdx (n=0,1, 2,...) 
0 


0 


where 
! 2 
(5.111) W,, = Oe 1(2n\z7 
4(nly 2 4" n j2 
It follows that 
*cos-” xsin x ° sinx’) ae 
[SoA c= fos x = | cos" xara, 
0 x 0 x 0 
oO os) Qn+l «2 : 2 
2 x a= [sin x sme) ew, 
0 x 0 x 
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for any integer 1 >0. The case n=1 is equation (5.109). For n=2,3 we 
have correspondingly 


m/2 


* cos’ xsinx 3x 
|——«« = f cos’ xdx =—— 
x ‘A 16 
o 6 : m/l2 
cos’ xsinx 57 
|———a = J cos® x dx = —— 
0 x 0 
etc. We also have 
* sin’ x oe 1 
f ax = [ sin? xd =— 
x 4 


0 0 


* sin? x 3x 
) dx = [ sin*xdx=—. 
16 


0 


0 x 


At the same time all integrals of the form 


f sin?” x 


ax 


0 x 


(n=0,]1, 2,...) are divergent. 


With f(x) =|sinx|, f(x) =|cosx| we have 


oo) : m/2 m/2 
fi sin | et d= J | sin x|de = f sinxdx =1. 
0 x 0 0 

io) : m/2 

flcosx|—* de = i} cosxdx =1. 

0 x 0 


Problems for the reader: 
1. For any integer p =0 evaluate 


2p+l 


o 27: 
Ave { (cos x)" (sin x) dk 
0 


x 
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os’? x(sin x 
A, (2 ‘ as, 


0 


2. Show that for every n= 2 


and using that W, = . W, =1 prove the Wallis formulas (5.111) and 


(5.112) Wy = A #27)" 
a net (nel) 


5.9 More Special Functions 


We have already seen integrals evaluated in terms of special functions (in 
Section 4.3, for example). Here we want to mention briefly that certain 
integral representations of some special functions can be nicely used for 
solving integrals. 


Example 5.9.1 


The second Binet formula for the log-gamma function was used in 
Example 3.2.11 


dt . 


{ arctan(t / A) 


nr(a=[A sina pe ecare : 
a 2 oi 


0 


Here and throughout this example we assume Re2>0. Differentiation 
gives an integral representation for the digamma function 


y(A)=Ina ! L-2f 


wh 


dt 
(+ aE —1) 


Replacing 2 by 4/2 we write this in the form 
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(5.113) y(4)=m4 rr 
2) "2 A S@P see" —D 


From Section 3.3 we have also the representation 


y(z+4 + \=in2 +f e* +1) dx 


which we write in the form 


Atl A of x 
114 = 
ooo v( y) le ee ern 


ax 
+) 


Using these two integral representations we will prove two interesting 
Laplace transforms. 


ft -ax{ 1 A Al 
5.115 en(4- th Jae= [ ) In—=+ 
A+] A 
5.116 dx = [ In—. 
: Je iG <) 7 2 2 


(These are correspondingly entries 3.554(4) and 3.554(2) from [25].) 


To prove the first one we use the important integral from Example 4.5.2 


fe = = ao =coth x — a 
x 


(after a simple adjustment). Thus 


fe* (+ —coth x] dx = 4fe* | seal dt dx 
0 x 0 1 


0 © > 


oo 


foe} 1 oO “4 ; 
=—4|——_j |e“ sin(2xt) dx | dt = a 
iF 5{I uli ee 


 ( 
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according to (5.113). This way (5.115) is proved. Likewise we use the 
integral (after adjustment) 


af sin2xt , 1 1 


ve +1 x  sinhx 
from Example 4.5.2 for the proof of (5.116) 


Jem (+ = ! Ja = fem i eae a} 


x sinhx 4 e 


ioe) ] ioe) =” ; 
= jarafle ** sin(2xt) a} dt 


=4/ - a ; a=y(4*1) inZ 
(6 + 1N(A? +49) 2 2 


0 


by using (5.114). Done! 


Example 5.9.2 


The reader may looks at the group of entries 3.554 in [25] from where the 
above two integrals (5.115) and (5.116) were taken. The first entry in this 
group will surely catch the attention 


(+3) 
(5.117) fem{1 |S =2in eee 


coshx/ x r(**4) 4 
4 


(here again Re’ >0). This integral resembles (5.115) and (5.116), but 
requires a different approach. For the proof we recall an important formula 
from Section 4.5.2, namely, 


0 
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a re ew | 


Therefore, we write 


Ax 


{9a fie ys 
fer*(1-—— Jav= fe “ae “| cae * 


0 0 0 


5-32) 


Now we integrate this equation with respect to 2 and remembering that 


Wee! WEG wena 
dz 
© -Ax 
il ’ [1 : Ja 
oo: cosh x 


=n] nr (443) nr(4*")|c 


or, 


Tax 1 dx _ 
ere 


A cosh x 


In order to compute the constant of integration we set 2 >. The left- 
hand side approaches zero. Using the properties of the gamma function it 
is easy to compute that (with 2 = 4x) 
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so with C =1n4 the limit of the right-hand side is also zero. Thus (5.117) 
is proved. 


Example 5.9.3 


Using the properties of Euler’s beta function B(x, y) and the representation 


POE) 


are 


one can derive the formula (see entry 8.380(10) in [25]) 


poosh(2yt) ) 42.2 P(xt+ y)P(x- y) 
(— dt=2 
cosh**(f) Px) 


0 


where Rex >0,Rex>|Rey|. From here with x=1 and | y|<1 


fo2sh2r) oy ra+yyrd—y =. 


cosh’ (t) sinzy 


With x=2 


jes a=2re+yyre ga), 


 cosh*(t) 3sinzy 


Replacing y by iy we have also 


cos(2 yr) my 
\——at=- 
cosh’ (f) sinh zy 


0 


oe] 


f cos(2 yr) a 2ay(1+ y’) 
cosh*(t) 3sinhzy 


0 


Other interesting integrals van be obtained from here by differentiation 
with respect to x or y. 
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Example 5.9.4 


In Example 2.3.1, Chapter 2, we evaluated the integral 


o a Va fl 


fe  cos(2xt) dt = 5 


0 


Differentiating 2 times with respect to x we find 


[ere o sortase ay v(4 yer 
dx 


gene 


0 


At this point we turn to the Rodrigues formula for the Hermite polynomials 
af a VY ox 
H (x) =(-1)’e* | — | e* 
ae [ £) 


(p = 0,1, 2,...) where 
Hy (x) =1, H, (x) = 2x, H, (x) = 4x" — 2, 
H,(x)=8x -12x, H, (x) =16x* — 48x? +12,.... 


We conclude that for n = 0, 1, 2.... 


(5.119) frre cos(2xt) dt = is ne = Heo): 
0 
In the same way we find 
(5.120) femer sin(2xt) dt = COVE oH, (x) 
0 


(n=0,1,2,...). These formulas can be used for solving integrals. For 
instance, with n=1 
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2 A 
2 x? 


[Pe™ cos(2xt) dt = a hy 9) 


0 


Va 


[ fe" sin@2x1) dr=-~*e (8x? —12x). 
0 


In the place of 7°” in (5.119) we can put any even polynomial and evaluate 


the integral in terms of Hermite polynomials. Likewise in the place of ¢°”"' 
in (5.120) we can put any odd polynomial. 


Example 5.9.5 


Suppose we want to evaluate the integral 
fear. 
0 


What can we do? The substitution w=cosx will not help, it brings to 
something worse 


Integration by parts does not help either. 
We can introduce a parameter and try the method in Chapter 2, say, 


(5.121) F(A)= [e* de. 


0 


Then 
F\Aj= [cos xe* "dx 
0 
and things become complicated. 


Something natural will be to use the exponential series in (5.119), that is, 
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A" cos” x SA" |e, 
F(A)= i> —_—— dx =) — [cos xdx>. 
n=0 ! n=0 n! 0 


Now 


[ cos” xdx=0 (nodd) 


0 


aa 1 
because the substitution wu =x — z says that 


1 m/2 
[cos” xdx = i) sin” xdx =0 
0 


—a/2 


as sin” x is odd. For n=2p even we have from (5.111) 


1 m/2 n(2 )! 
[ cos?” xdx =2 | cos’? xdx = 2W,, = : P 
0 4° (p}) 


0 


and 


0 ] 7) 2p 
FA=" op () 


The series here is the modified Bessel function of the first kind /,(2) of 
zero order, so that 


(5.122) i) eo? dy = J,(A) 
0 
and with A=1 
f 808% he = 3s 1 
0 p=0 4?(p!) 


More generally, we have 
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(5.123) jo cos(mx)dx = 21, (A) 


0 


with the modified Bessel function of the first kind /, (A) (entry 2.5.40(3) 


in [43]). Here 
eB 2k+n 
1,(A)= —_(4) 
mo kIT (kK+n+1)\2 


(see [40]). 


In the same way one can use the integral representation 


2a 1 
I= 5 i) ehsntag = —fe*ag 
0 


0 


where 


=o) ae 
Jle)= 2 reagane* 


is the Bessel function of zero order. Thus, for example, 


m/2 m/2 


| cos(xsin @)d6 = | cos(xcos0)d@ = oo (4) 
0 0 


Example 5.9.6 


In this example we will show a very unusual method to prove two very 
unusual integrals 


(5.124) 


(ae ae 
) coshx+sinhxcos y 1+ cosh x 


where x is arbitrary. Also 
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a 2 : 
(5.125) [= (cosh x + sinh xcos y) 


0 


dy =-27Li, (Hecshe), 


cosh x + sinh xcos y 


One strange feature of these integrals is that they are even functions of x 
although the integrands contain the odd function sinh(x). 


To prove these integrals we use the Legendre function of the first kind 
P,(z) which is a solution to the Legendre differential equation 


(5.126) (l-z’)y"-2zy'+A(A+]y=0. 


When 4 =n, anonnegative integer, P(z) is the Legendre polynomial of 
order 7. Substituting P,(z) in (5.126) and differentiating with respect to 
the parameter 2, Szmytkowski showed that 


4 py -n( 142) 
ame 2 

2 . {l-z 
qe F,@) = =i, 5 


ian) sin( £2 )ri,(*2) 
2 2 2 


4a *in( +42 )- 12¢ (3) 


— P2) 


(R. Szmytkowski, “The parameter derivatives ...” arXiv:1301.6586v1 
(2013); the author attributes the second formula to G. P. Schramkowski.) 


The Legendre function has several integral representations, one of which 
is 


P.(coshx) = d 
a i Sere + sinh xcos y)**! - 
(see p. 203 in Nico Temme’s nice book [44]). Differentiating here with 


respect to 2 we find consecutively 
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(5.127) Fp essia 1 es 
di a 


dy 


a cosh x + sinh xcos y 


(5.128) 


Picsicar & | i In* (cosh x + sinh xcos y) d 


aaa » coshx+sinh xcos y 


3 


(5.129) 4 P,(coshs)} 


Pre dy. 


i i In* (cosh x + sinh xcos y) 
1 


= cosh x + sinh xcos y 


The two integrals (5.124) and (5.125) follow immediately from (5.127) 
and (5.128) in view of Szmytkowski’s results. The reader can continue and 
write down the evaluation of the integral in (5.129). 


Example 5.9.7 


Here we solve problem 1184 from the College Mathematics Journal 
(September 2020, p. 306) by using one neat special function. Evaluate 


¢ p sin(x)sin(x + y) 
so are aa cop. 


For the evaluation we will use the sine integral 


fsin() 
which has the obvious properties 
Seno. Ris | 2 == gi(0)=0. 
dz Zz z0 t 2 


0 


Using the substitution x+ y=u we write 


he [inet » ay dx = (S02 [Sm atu dk 
x |f x+y a u 


0 : 
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and changing the order of integration (very easy to justify) 


J=([— (a du =|“ si(u) du 
Uu x Uu 


0 0 0 


= [ Si(u)d Siw) = =(Siqw)) | = (4) =e 


That’s all! 


(5.130) If ey DY) ety 7 


Appendix A 


List of Solved Integrals 


The integrals here are listed in the order they appear in the book. Some 
of them are solutions to problems from mathematics journals and this is 
indicated in the next line. The following abbreviations are used: 
American Mathematical Monthly (AMM) 

College Mathematics Journal (CMJ) 

Mathematics Magazine (MM) 


dx 
(A.1) Secmearraaa cd Rye 0 eC 


Example 1.2.1. 


(A.2) =~ joo SP oe = +C 


Pa ea 


Example 1.2.2. 


(A.3) 


ax 
le +6x+8 


alV= +6x+8- V2(¢+2)) | 
ie 1 6x484V2(r42)) 


“5 


Example 1.2.3. 
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b 2 
(A.4) [arccos a a" ieee, 


= 
; Vax + bx—ab 4(b+a) 


Example 1.2.4. This is AMM Problem 11457. Here 0<a<b. 


dx x=144/1-—22—2° 
(A.5) | =In +c 
e123" x 
Example 1.2.5. 
dx 4ax +2b 
(A.6) 2 “eC 
J (ax? + bx+c)"” (4ac —b)V ax’ + bx +e 
Section 1.3. 
dx 3x 
(A.7 = +3arctan {/x +C 
nratelr 1+24/x 


Section 1.4. Also there 


(A.8) (2a 


(A.9) LEE axa? five tinge tc 
x 


(A.10) } te a 
(l+x7) 1+ x? 
(A.11) a HAC, 
x x+x' 3 


The next integral is from Section 5: 
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[2 fo 
J ia douinGead 2 —3)—5* ac 
x 2 


(A.12) 


Example 1.5.1. 
(A.13) i} x +la&k= ad +1 Sine Vie +1)+C 
Example 1.5.2. 


(A.14) 


ot 8 
SS 
L SS 


nee yr 


Example 1.5.3. 


costsinyf* +] a 


dt = 


(A.15) a : 


Example 1.5.4. 


dx 1 
(A.16) Pree eaten rel S05 +)}s +C 


Example 1.6.1. 


(A.17) {—*— - + — arctan BST aig oh C 
a+ bcosx ab atp 2 


Example 1.6.1. 


dx 1 
(A. 1 8) aoe = Fp meta 2 tan x) + C 


Example 1.6.2. 
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/2 
% dx a 


(A.19) _ 
» Vaz cos?x+b?sin?x 2M(a,b) 


Section 1.7. Here M(a,b) is the arithmetic-geometric mean for a, b. 


2 


* xsinx > 
A.20 ea 
a J 1+cos’ x 4 
Example 1.8.1. 
7 (cos x)? ya 
(A.21) { —_* 
0 (cosx)” + (sin x)? 4 
(p= 0) Example 1.8.2. 
(A.22) [PX ae=0 
a 
Example 1.8.3. 
t od Lau, 
(A.23) fa+x?) ?ae= n| r( ) 
0 2B \2B) \B 


(8 >0) Example 1.8.4. 


arctan x a Ly" 
(A.24) recur a Galea 


(8 >0) Example 1.8.4. In particular, 


‘arctan x n 
A.25 ax = 
( ) J +x" 8 
fr arctan x VI > 
(A.26) dx =** 7710/4) 
J v1+x* 16 
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(A.27) f irra (20 (1/6)F10/3). 
v1+7° 
=a 
(A.28) (-—— a — z = 2arcsin ete (a<b) 


Example 1.8.5. In particular, 


b He 1 
A.29 SS 
eeea x) 2, [a a x) 
3 
(A.30) [z+ eal OE dy=2 4S (4 4x)? +C 


Example 1.8.6. 


(A.31) e** * de=—e (a>0) 
2a 


j 22? Va 9, 

0 

Example 1.8.7. 

(A.32) fe® Sdx=4—aretan A (A>0) 
x 

0 


Example 2.1.1. In particular, 


{ sink 17 
a dk 2 
o —Ax =x 
e“"-e : 
(A.33) = sin xd x = arctan uw — arctan 2 


(A, u>0). Also in Example 2.1.1 


few sinhx 1 int! 


A.34 7 
oa x 2 24 


0 
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(A.35) (eS a= i. 
‘ x 2 
1 
(A.36) (a =" In? 
14x 8 


0 


Example 2.1.2. In the same place also 


1 
(A.37) [ee a= 22, 
ae 8 
0 _ Ax 2 
(A.38) i 7 dx =Aln4 
ae: 

Example 2.1.3. 
(A.39) —— ai. Si) 

Mis 1 
Example 2.2.1. In particular, 

rx*—1 
(A.40) } dx=In(l+a@), a2>0. 
» lax 

1 
(A.41) [aoe te = == in(2 +Vi+2?] 

o xV¥1l-x 2 
Example 2.2.2. 

arctan Ax 1 
(A.42) i) dy =—In(1+A) 
> (Lex ) 2 

Example 2.2.3. 


(A.43) { arctan(Ax) as Lx) ck 


0 x 
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=F G+ win + w)— Alm A ~ jetn wi] (A, > 0) 
Example 2.2.4. In particular, with 2= u=1 


(A.44) 


os x) 4 wae. 


x 


(A.45) 


freee a ) de=ain(l+a) (20). 


Example 2.2.5. In particular, with 2 =1 


(A.46) pees) D icine: 
i 14x" 


(A.47) fem 1—cosAx 


1 a? 
J - a= tinf +] (B>0) 


Example 2.2.6. Also there 


% _ 2 2 
(A.48) fe* cos Ax COS MX 5 _ lia ae 
: x 2 \po+a 
(A.49) [Ree dein! 
x A 
(A,u>0). 
~ e* -~et 1 uw + B’ 
(A.50) | ——— cos Bxdr =—In 5 ; 
x 2 A+B 


(A, 4 > 0) Example 2.2.7. 


(A.51) Jerac=~, jevax-tr(2) 
0 0 
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Example 2.2.8. 


-AXx 


(A.52) (= de=Jin (A20) 


0 x 


Example 2.2.8. 


(A.53) dx =—In 


x “2 pt+q 


f e* cosgx—e cos ux 1 Ate 


0 


(A, p > 0) Example 2.2.9. 


(A.54) 


eal a . 2 2 
fe* sin(ax)sin(bx) Se 1 in “a +(a+ Zi 
x 4 A°+(a-b) 


0 


(a>b>0) Example 2.2.10. 


(A.55) | saat) me BY ip 2 : gst si) 
0 

Example 2.2.11. 
(A.56) fe* Suga} COS(a) we" : arctan 

‘ x 2 a 
(a>b>0,/A>0) Example 2.2.12. 
(A.57) fem cos(ax) a) dk 

‘ x 
2 2 
- “ae a : c + bartiie. ~aarctan (A>0) 

2 A +b A 

Example 2.2.13. 
* Lene ea 

(A.58) few sin’ (ax) = (bx) a 


0 x 
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A, A +4b? 2a 2b 
= —In——, + aarctan — — barctan — 
4 A +4a 
(A > 0) Example 2.2.13. 
m/2 2 
+Va°—-1 
(A.59) J In(a? — cos? 0)d0 = In (a>1) 
Example 2.2.14. 


(A.60) | In(1— 8? cos? 0)d6 = ig ee (0< B<)) 


Example 2.2.14. In particular, with # =1 


m/2 


(A.61) f In(sin@)d@=—FIn2. 
0 
m/2 
(A.62) [ ind + asin? 0)d0 = Pe ee ca aaa (-l<a) 
0 
Example 2.2.15. 
(A.63) _—— d@=naresina (|a|<1) 
cos@ 


Example 2.2.16. In particular, 


a + 2: 
(A.64) (= cos) |, gate. 
»  cosé 2 
a _ 2 
(A.65) [ind + @cos@)da = pee —— (ja|<l) 
0 


Example 2.2.17. With @ > +1 we have 
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(A.66) i) In(l+cos6)d0 =—z In2. 
0 


(A.67) [in (B? -2aBcosx+a*)dx=2nIn|a| 
0 
(| B|<|q@|) Example 2.2.18. 


(A.68) dean Jima -1) (a@l<)) 
—x 


0 
Example 2.2.19. 
(A.69) 5 i = ee 
vVa +x" Vat+x° 
b+Vb? +a 


=F in (a,b > 0) 
2 a 


Example 2.2.20 (AMM Problem 11101). 


cl 1 

A.70 —) 1——arct ax = — 

( ) i 5 -4 arctan x] r 
Example 2.2.21. 

(A.71) few cos(2xt) dt = a 


0 


Example 2.3.1. 


(A.72) i) e“ cos(xt) dt = fe e* 47 (Rea>0) 
a 


20 


Example 2.3.1. 
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(A.73) joes cosra= | [cos +sint) 
5 NE 2.04 4 


Example 2.3.1 (MM Problem 1896). 


+ COSAX T a) 
(A.74) a7 ig 
iF +x? 2a 


Example 2.3.2. Here and in the following three integrals a>0,420. 


i Ax Me <n¥ 


A.75 dx =— 
( ) x ri 


a +x 
Example 2.3.2. Also in this example 


sin Ax A 


A.76 a ae 
( ) lav) : 3a‘ eo) 
* sindax 1 mA 
A.77 2 fee j=, 
( ) la +x’) flew ( ) 4d’ i 
(A.78) {- _ ~[ci(as)sin(as) ~ si(as) cos(as)] 
of 
(a> 0) Example 2.3.3. Also there 
* te~ . . : 
(A.79) i —— dt = ~ci(as)cos(as) —si(as) sin(as). 
a +t 


0 


(A.80) ( 


<5 dx = c1(ab)sin(ab) — si(ab) cos(ab) 


0 


(a,b >0) Example 2.3.3. Also there 


cosax 
x+b 


(A.81) { dx = —ci(ab) cos(ab) — si(ab)sin(ab). 


0 
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(A.82) fexn(-»-2) 2 Jn exp(— 2Ja), a>o 


; vx 
Example 2.3.4. This integral is equivalent to (A.31). Also in this example 
t 1 
(A.83) ex ¢ 1-2) 4 -|f exp(-2Va 
J P(e oe aig mPa) 


(A.84) [Vrexo{ -x-“ Jas =Vi{ Ja+ 1 Jexp(-2var 
4 Xx 2 


(A.85a) exp x ‘eos| 7 |= Ee 24 cos 2a 
a 2 


0 


(a >0) Example 2.3.5. Also in this example 


(A.85b) fexp- x Hsia + j= Se ie sin Ja. 


0 


1 
arctan(@x 
arctan(@x) 


J Jl-x° 
2 
{2 2 
ne] 5 arctan Va? =i) +2 


(A.86) 


8 a +1-1 8 
1 
where a >1, p(a@)=,/1-—, . 
a 


Example 2.4.1. In particular, 


1 2 ; 
(A.87) i} eee = —5 (ind ¥ V2) 
0 
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1 2 2 
(A.88) i) aces) a2 : c v5 + | : (arctan 3) : 


dn 1-2 8 8. aset 


(A.89) f a wee (ina - 2) 


l+x 


Example 2.4.1. In the same place 


oo 2 
(A.90) [= awn 3 dt = + 5 (ind Pa) )) 
1 


VP -1 = 


(A.91) ne Vax" 1) oy in 2/147 +a) 


‘e x(l+ x" ) 


(a@ > 0) Example 2.4.2. In particular, 


(A.92) (eae Lie Fe 2 in7GD ei) 
cot lieeae") 2 
(A.93) (ees Lie? in NS +1 yin ¥5 
, 5 x(1+x’) 2 7” 
(A.94) J ea eee: 
Example 2.4.2. 
(A.95) [ee ce s[Li, (a)-Li,(-a)] (ja |<!) 


Section 2.5.1. 


(A.96) 9a (gscu arccos x 


6 l=e ar 


de=Li,(a)-Li,(-@) ((a|<1) 
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Section 2.5.1. 


1 
(4.97) (ee _ ma ae(=,+) (a>) 
if 2 —x 2 2 @ 


Hu 
Example 2.5.1. Here E(,k) =| 1—k’ sin’ t dt. Also there 
0 


fxaresinx mia’ -1 xz 1 
(A.98) } = +aE| —,—|. 
5 fe — x2 2 2a 
(A99) — 2f arctan a oy = Ina in” + Li,(a)-Li,(-a) 
x l+a 


0 


0<a@<l. Example 2.5.2 


qn 


(A.100) of de => (In2- H. 5 


Le n=0 


(|a|<1). Example 2.5.3. 


(A.101) dx =InaIn(1— a) + Li,(a) 


{ In(l+ ax) 
5 CL) 


(0<a@ <1) Example 2.5.4. In particular, 


¢ind+x) , 2 
(A.102) lecers dx = ze 
(A.103) i Ind + ax) Li, G =i 4) 
5 aL) 2 2 


(-—1<a@<1) Example 2.5.5. In particular, 


see - ae 


k= ———In’2. 
x(1+ x) 12 2 


(A.104) 


0 
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(A.105) j- (log x)’ logs nh dx 


=(-1)"T(p+1){Li,,.(8)-Li,,.(-8)} 


(|B\<1, p20). Example 2.5.6. Also there 


(A.106) ie (log x)’ log (1— Bx) dx 
at 
=(-l)?"T(p+DLi,,.(P) 
4% 1 1 
(A.107) 6(3)= 7 aoe en dt 
(A.108) 6(3)= a Sails een dt 
74 t 
(A.109) ¢B3)== sf log + Nlog{ 1+ + ar 
(A.110) £0)= J Hogd + tog{ 144) dt . 


(A.111) ome (4) arti {52)-1.(3) 
Ji-7 (2 9 2 


Example 2.5.7. This integral can be put also in the form 


(A.112) (a? ae =i {5*)- Li,(3)-mamna-». 


0 


(A.113) fina +0)In(l—Adt 
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. fl-x _fl+x l-x 
=Li Li +(1-In2)In 
At 2 { 2 ( ) l+x 


+xIn(1 + x)In(1 —x)—xIn(1—x’)+2x. 


Here | x|<1. In particular, with x >1 


1 2 
[ind+9nd-dadt= 2-“—+ (In2) ~2In2 
(0) 


Example 2.5.7. 


(A.114) 


m/2 m/2 


J Ininaar= [ In(cost)dt=—~In2 
0 0 


Example 3.2.1. Also there 


(A.115) 


(A.116) 


(A.117) 


(A.118) 


(A.119) 


(A.120) 


[in(in dae =—7In2 
0 


m/4 


[ insin jdt = —* n2 - we 
) 4 2 


m/4 


J Incoss)dt a rige e 
! 4 2 


ml4 


7° A 35 
tln(sint)dt = In2-—-—G+ 3 
J ( ) 32 8 128 6(3) 


m/2 7 
i tIn(sinf)dt = 
0 


7 
3 Mee aeae) 


1 2 
[ein(sin dt = —In2 
, 2 
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m/2 
(A.121) f sintIn(sint) dt =In2—1 
0 
r xInx 
(A.122) J dx =In2-1 
0 l=< 
r Inx 1 
(A.123) | dx = ar,(}. 
0 Aix? 2 3 
(A.124) [cosxin cot de = 
0 


Example 3.2.2. Also there 


m/l2 
(A.125) i) cos xIncot dx =~ 
. 5 5 
ala 
(A.126) J sete? B® 2? eae): 
, - 25 
1 
(A.127) [arctan (x?) dr = a) ae) Zina 2) 
0 
Example 3.2.3. Also there 
1 2 
(A.128) le dx = = 52 int + V2) 
0 
ml4 
(A.129) J Viana 99-22 Vin (i432), 
ap 
(A.130) [ log —2acosx+a*)dx=0 
0 


(|a|<1, p any integer). Example 3.2.4. Also there 
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ap 
(A.131) [ In -cos.x) dx =—1 pIn2 
0 


m/2 


(A.132) J log(1— 2a cosx + @”)dx = i(Li, (ior) - Li, (-ia)) 


m/2 


(A.133) J Ind -cosx) de =-Fin2 9G 
0 
ap 
(A.134) [ In -2ecosx + a)dx =22pIn|@| 
0 
(|a|>1). Also 
ap 
(A.135) | In(B? - 2af cosx + a”) dx =27 pin |a| 
0 


(|B |S|q@|, p any integer). 


TEP in 


(A.136) cosmxlog(1—2acosx+a’)dx =a 
m 


oy 


(m>0, p integers). Example 3.2.5. 
ap 

(A.137) [ In(cosh Btcosx)dx =( —In2)px 
0 


(£>0, p arbitrary integer) Example 3.2.6. 


(A.138) dx = ; log(1— ae”) 


i log(l—2acosx+a@’) 
: x? +b’ 


(|a|<1, Reb>0) Example 3.2.7. 


t a T(pt+l 
(A.139) fx’ log(1 — ae*") dx =— ee ) 


0 


Li, ,.(a) 


List of Solved Integrals 


Example 3.2.8. Also there with 1 >0,b #0 


oo 


(A.140a) [sin bxlog(l-e** ) dx 
0 
=] ib ib 
=— 1+— |J+y| 1-— ]+2 
=| A v( ql ] 
(A.140b) 


i) sin bx log(1+ e-**) dx 


0 
-1 


ib ib A+ib A-ib 
= 4In2 1+ 1 + + 
al v( | v( a v( ey v( ) 


2A 


oO 


A 1 mb 
A.141 cos bxlog(l1—e**) dx = coth ’ 
eal) J MOE VER ea (=) 


a 


fe “' In(sint) dt 


0 


l-e” 1 ia ia 
= In2+yv+— 1+— |+w| 1-— 
—[meereale(z}-e(-3)] 


(a#0) Example 3.2.9. Also there 


(A.142) 


m/2 


| e“ In(cosf) dt 


—a/2 


(A.143) 


1 ma ia ia 
= — sinh —4 21In2+2v+yw/ 1+— |+w] 1-— 
a a é v( 1] v( =} 


m/2 


i) e” In(cost) dt 


0 


(A.144) 


l—-e%” an/2 


e ia ia 
= In2 1+— |+y| 1-— ]+2 
a 2a | i] v| . ] 
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1 ia ia 
+p a{t+2}+o[1-2)-2000| 


m/2 


(A.145) i) e“' In(sin#) dt 


1 2 2; 
(A.146) [eae 
0 


x 9 


Example 3.2.10. 


oo ee) 
(A.147) je aa a| Inr(a)- [2-S}inava-22] 
0 


(Re/A > 0) Example 3.2.11. Also there 


In 27 


[ee =InT(A)- [2-F hina a-a 


2mAx 
e = 


(A.148) 2af 


and in particular, 


(A.149) a Five 1 In2z 
eo = 2 4 
(A.150) i( a 2 SH yang) 
\\sinht f¢ t 


(44> 0) Example 3.2.12. In particular 
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(A.151) i( ; 1) 1n2 


sinht t¢ 


and also there 


ioe) = —T MU = 
(A.152) i( es -+ sin gta dc a Ll 
‘\sinht ipe*! oF 41 
1 
(A.153) finr@dr = "2 42-1 noe 
, an a 
Example 3.2.13. Also there 
1/2 
y+3lInz In2 3 ,, 
A.154 In'(x) dx = + 2 
(A.154) J (x) : 3s 
1/4 , 
(A.155) [ inr(x)de = eee 
4 32 4n l6z 


y+l 


1 
(A.156) [inl + y)abe = i) InT'(w)du = yIny—y+InV2z 
0 y 


Example 3.2.14. Also there 


11 
(A.157) [ fin Ge+ y)dedy =InV22 3 
00 
(Problem 904 from CMJ). 
t f y+Inin2 
A.158 2° E(x) dx =2 (2° T(x) dx - 
(A.158) J (x) dx J (x) aa 


(A.159) [x2-T@) dx 


0 
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(vy + InIn2)(1+ 2In2)-1 
In? 2 


1 
= 2/ (x+12°T (x) dx 
0 
Example 3.2.15. This is Problem 11329 from AMM. 
1 
: a 4.f 2 
A.160 In(arcsin x)dx = In— — Si] — 
wi fons nt-s(2) 


Example 3.2.16. Also there 


1 
(A.161) [tn x(aresin.x) dx =2-=—In2 
0 
1 
(A.162) [1m x(arecos x) dx =In2-2. 
0 
mx In2 a 
(A.163) [tm x(aretan x) de = +—=-— 
, 48.2 4 


Example 3.2.17. 


rm 3 
A.164 In2(2sint) dt = 
(A.164) J (2sins) dt =—— 
Example 3.2.18. Also there 

m/2 rt 
A.165 In? (2sint) dt = — 
(A.165) J (2sint) dt == 


This is Problem 11639 from AMM. 
1aA 1 

(A.166) [In.xin(l - Ax) de =—=In(l- 2)-—Li, (A) +2 
0 


(|A|<1) Example 3.2.19. With 2 1 and 4 >-1 


List of Solved Integrals 
2 


1 
(A.167) inxin( —x) dr = 2-7 
0 


2 


1 
(A.168) [inxin(l + x)dr=—2in2+2-=, 
0 


n/l2 : 2 
In(sin¢ 8 

i) ND ys 

, Cost 


(A.169) 


Example 3.2.20. 


(A.170) int (244)=zinz~ z+ In VB ~2/ SEM 
0 € 


* +4] 


Section 3.3. Also there 


1 ° x 
A.171 +—l=ln = dx 
(A.172) i a ae =n ie 
0 e 
(A.173) J a d= 
x 


Example 4.2.1. 


ce) : 3 
(A.174) (=) dx = 2% 
ae 8 
Example 4.2.2. 
00 qe 
(A.175) dt =— (0<u<1) 
vit sin zu 


Example 4.2.3. Also there 
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yee te 1 mq 

A.176 dx = sec—, -l<q<l 
( ) Ja +x? 25%" 2 4 

co p-l 
(A.177) fx’ cos(xt)dx = ae sec? 

0 20(p) 2 

roe) p-l 
(A.178) [x°? sin@t)dr = 2 — ese? 

0 2(p) 2 


(0< p<l1). For a>1 


(A.179) [oos(z* )dz = 2r(2) cos 
: a \e@ 2a 
{- Lf1)\..# 
(A.180) [sing )dz = 2r(2) sin— 
, a \a 2a 
(A.181) [cos xed = E*9 gin 
, : 2 
(t>0, -1<Res<0). 
00 00 aE o. x? -_ y 
(A.182) a> sine (x #9" )——_—_ ade 
JJ (x? ah yy 


1 f. I 1 
=— log arctan 
16 95 4 


Example 4.2.4. This is Problem 11650 from AMM. Also there 


oo : 2, x 
sint S S S 
A.183 e* dt =—lo arctan—+—. 
( ) J t 4 44 2 2 


0 


7 
a 


(A.184a) [rte cos bt dt = a. cos arctan > 
: (a? +b) 
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(A.184b) [rte sin bt dt = es -sin{ arctan) 
° (a? +82)? = 


(a,b,x > 0) Example 4.2.5. Also in this example 


(A.185a) fens cosbx A= Pe b+a +a 


0 


fe ro de = VP +a? +a —a 


(A.185b) 

0 VP +a a 
(A.186) (e sme 

‘A x +1 
~ le’ Ein(t)—e' Ein(—t) |- (Int +) sinhe 
2n+1 
=-—(Int+7v)sinht+ H,.... 
=—-( Y) ee (2n +1) 2n+1 
7 sin” (xf) 

A.187 aia ew 
( ) J +1 id 


0 


= a 2n ele 2n 
gent = k n 


and in particular, for 7 =1 


mo - 2 
ee OO ie =F 1-6) 


2 
> x +1 


*cos~” (xt) qm JOl20)) sn-eye , (22 
(A.188) dx =—— J + 
J ae ail oo 2d k n 
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2n-1 


ne n-l 2 =] 
(A189) j= ae mes | nt = 


,- el Pr | ok 
Section 4.3. 

ir a\) ax mz. a+b 
A.190 In| 1+— |———- = — In a,b>0 
( ) J [ sees b b ( ) 
Example 4.4.1. 

rn e” me 

A.191 ——— dy = —— (l-erf(s 
(A.191) la y = ——(1-erf(s)) 


and in particular, with s =1 


ice) -y? ioe) P 
} 5 wy Vnefe" du 

oY ti 
Example 4.4.2. 


(A.192) i(+- ao) "dy = na sec ¢(1+@) 
aie my 2 


(0<a<1). Example 4.4.3. In particular, 


v{ 1 0 
A.193 — -—,—_ |dyv=az. 
( ) (3 a] at 
oo 2 
(A.194) fx? in} 145 |de=— B= a? 
: x a’ (1- B) 2 


(a>0,0< #<1) Example 4.4.4. 


t mx\ dx 1 (b+1 
(A.195) jsecn[ 5 )s cB = ml ; 


0 


Example 4.4.6. 
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* sin xt 


(A.196) dt = tanh x 
3 At 
0 sinh — 
2 
Example 4.5.1. 
(A.197) [ee 
Ae eee | 2 oe “=1 2x 
(x >0). Also in the form 
(A.198) | SUE pte 
e’-1 2 2x 


0 


Example 4.5.2. In the same place also 


(A.199) ("a= rT ea 
e’ +1 2x 2 2 
7 e” “s1) 
A.200 dy = B| —— 
Pe . 6 v, 
soe) 
2 4 4 
ml4 


=2 | tan’ x dx . 
0 


Section 4.5.2. Also in this section 


(oo) 


(A.201) | BOY) a gady| 2 
) coshx 2 2 


eo} 


(A.202) [PO & =2arctan| e? |-2 
) xcosh x 2 
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(A.203) a -imp( | 
cosh x 
(A.204) [ems it)dt = 208 


—00 


(J € R) Example 4.6.1. Also there 


(A.205) [Mel + itjdt =-277"9,,,(-e* ye 


(A.206) [e@r'T (a+ ithdt = 2ni"eVe aa (-e*)a”* 
oe k=0 


(a>0,n=0,]1, 2,...). Here 


oncr=¥(" | S(n,k)x" 


and S(n,k) are the Stirling numbers of the second kind. 


(A.207) f eel T(b+ it)dt =27e° a aes 


—00 


(b>0, A, we R) Example 4.6.2. Also there 


(A.208) i) e™'t"T (a+ it) (b—it)dt 


= -n —b . n n-k Ia+b+7) 
=2zi"e "S(t ye 2s DC Y err 
(a, b> 0). In particular, 


(A.209) { t"T(a+ it)D (6 — it) dt 


—0o 
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seit IEW ane ; V(a+b+ j 
=m aa ‘se pey eP 
k=0 j=0 


oo —bu 
(A210) fe"T(a+it\l(b-it)dt =22T (a+b) 


—00 


(A211) (oa 
a +t 


—o0 


2 
== fey(a+be")+e"T(b-a,e")| 
a 


Example 4.6.3. In particular, 


(A.212) (ee a 
s a +t 
2 
~ 7 fee y(2a, e")—e"" Bi(-e“) | 
rel . 2 
(A.213) [eee Fa (y(a+b,1)+T(b-a,)). 
ts att a 
co x! 
(A.214) i} de = BT (s) f(s) 
e*-l 


0 


Section 4.7. Here and further 5 >0. Also in this section 
sl 


(A.215) [waa =b°T(s)n(s) 


0 


and in particular, for s =1 


(le? " 7 
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2st 
(A.216) J Sy be = O-PS (S) 
(A.217) fx! (1— tanh bx) dx = 2(2b)*T'(s)n(s) 


in particular, 


{d—tanh bx) de = "7 
, b 


(A.218) fe (coth bx — 1) dx = 2(2b)“F(s)¢(s) 


0 
x* 


dx = ‘ 
cosh’ bx (2b)**" 


(A.219) (= T(s+Dn(s). 


From this, with s =1,2 we have 


J cosh” bx b 


<a je 5 
x= 3 
» \ cosh bx 12b 


x? 
A.220 ———_ dx = ——_T'(s + 1) €(s 
( ) | an? bx sy ( )o(s) 
(A.221) { tcos xt 1 

ee at cosh? 

* Inx In2 

A.222 dx =— In2+2Inb 
a oer 


Example 4.7.1. 
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(A.223) fin.x(1 tanh bx)de=->(3in2+ 2Inb). 
0 
io) ] 2 
(A.224) ae [m2 41-124}. 
oe — 


In particular, with b= 27 


* xinx 1 
A.225 dx =—C'(-1 
(A.225) ere eC) 
Example 4.7.2. 

9) xe 
(A.226) i) dx =2T(s)L(s) 

, cosh x 
Section 4.8. 

m/2 
az. (¥(3/4) 

A.227 In(int dx =—1 2a |= 
( ) i (In tan x) dx ; of TN =| 


Example 4.9.1. Also there, with the same value of / 


(A.228) a ut wey 
, itu 
1 il 
(A.229) | : sln{ in du = fA a = J 
7 Lae u Lat 
(A.230) J Bae eo 
coshu 


(A.231) (m+) . in{ n+] dx=y(u0(u) (Rew >0) 
‘ x x 


Example 4.9.2. In particular, 
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(A.232) f in in dx =y(l)=-y 
0 x 


(A.233) f(m4) in{ in Jae=—(7+2in2yVe. 


x 


« x?" r 2n+1 
(A234) a=(1"(2) 2, 
J cosh x 2 


Example 4.9.4. (£,, k = 0,1, 2,... are the Euler numbers). Also there 


vx eee 
A.235 i= oe ee 
a J coshx vad (2n +1” 
.. 4 
A.236 dx = 2x 
| aie Dares 
¢  cosat ae 
(A.237) Pexeceer =e cosay 
*  sinat MT ay: 
(A.238) f Fagus? BY 


(a, x > 0) Example 5.1.1. 


(A.239) 2 _ 2 


Dg 
0 x +t x 


(O0<a<b, x>0) Example 5.1.2. 


(A.240) (a, x >0) 


= dt __ a log(l+ ax) 


A t 47? 2 x? 


Example 5.1.3. 
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eo} 


(A.241) jee S08 ft Go” gh aha 
, t x +t 2x 
(0<a< f, x>0) Example 5.1.4. 
* cosbt dt a be™*—xe” 
A.242 = 
( ) [ae eae lhe bP ae 


0 


(x>0,a>0,b>0) Example 5.1.5. Also there 


(A.243) i cos bt aes me “’(ab +1) 
, (bP +ry 4b? , 
o -jJax Pp = -Abx Pp 
(A244) ie cos? (ax) -—e cos? (bx) esis b 
x a 


0 


(a,b, A >0, p—any positive integer) Example 5.2.1. Also there 


00 


-Aax ot p -ADX at P 
e sin” (ax)—e sin’ (bx 
(ax) (bx) 


(A.245) i =0. 
, x 
~ 2n _ 2n n-1 2 
(A.246) [= (ax) — cos”” (bx) wa 2 iis b n 
i x Yam k 
(a,b >0) Example 5.2.2. Also there 
0 2n-1 2n-1 
(A247) { cos’” (ax)—cos*” (bx) ne 
x 
io) Pp = Pp P 
(A.248) __— (ax) — arctan’ (bx) ioe [4] inZ 
x 2 b 


(a,b>0, p—any positive integer) Example 5.2.3. 


(A.249) In— 


x a 


{ sech” (ax) —sech? (bx) ee b 


0 
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(a,b>0, p—any positive integer) Example 5.2.4. 


00 eA In” (1 + ax) _ e 7x In? + bx) dx _ 


(A.250) i 0 
x 
(a, b, p, A >0) Example 5.2.5. 
2 —axP — -bx?P 
(A.251) [—_—*— axa=4in? 
% pa 
(a,b, p> 0) Example 5.2.6. 
= In(1 +x) = 
A.252 ——— dx = £ (2, p) = } —— 
—— | agen SOP Dias oy 
(p > 0) Example 5.3.1. 
(A.253) tee «|e = 
a x 
Example 5.3.2. 
*{ sinvx 1 joe 
A.254 = 2(1 +1 
(A.254) i Te a) —=20-y)+Ing 


(q >0) Example 5.3.3. Also there, for p > 0 is arbitrary, 


FF 909) 


x 


on oe 


or 


¢( sint 1 \dt 
“1-7 
wy et) (Late ae 
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(A.256) i( eee \f- 


l+x 1l+x?/ x 


(A.257) iL x- 
l+qx 


0 


JE =r ving (q>0) 
x 


Example 5.3.4. Also there 


e( 1 t 
(A.258) \( arn cost f=r (p>0) 
*( 1—cost 1 ad 3 7 
(A.259) Nae -~ 1} =a 5 ee) 


Example 5.3.5. 


arctan Vx 1 


Vx l+qx 


(A.260) [ BD cing G0) 
0 x 


Example 5.3.6. 


(A.261) ile" ! }&-mt y 
l+qx) x Pp 


(p,q > 0) Example 5.3.7. Also there 


(A.262) i(en- W |S =n p=y (p,r>0). 


l+x’ ) x 


(A.263) iL eon ate \¢- (; In2 y-+ing |in2 
l+qx) x 


(q >0, B(s) - Nielsen’s beta function). Example 5.3.8. Also there 


oO 


(A.264) iL 40 an = 2 |e. (+ In2— y|in2 (p>0) 
x 
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y(xt)+y $@) 
x l+qx 


(A.265) i A =6(2)Ing—6"2) 
(gq > 0) Example 5.3.9. 


(A.266) jinx In— 


Ge m(b-a) (a,b>0) 


Example 5.4.1. 


oa “ary abe = (mm — 13 1 


(A.267) - ————_——_ 
sin x ~, (a — 2ik)” 


0 


1 “, cos(m arctan(2k / a)) 


=(m-1[ 428 (a 4ky™ 


Example 5.4.2. This is Problem 11796 from AMM. Here a@>0, and 
m =1,n =0 are integers. 


1 
(A.268) jjeenee, sina rep) =I 


1-x (l-x) 
(p>0) Example 5.4.3. 
bt — x" = 
A.269 sin A dx=sin dx 
\ ) “j= xta b-x — ts xt+b a-x 
_ sin Am sin M7 { { Se 
1 1 (Xt b(t + alt+x) 


Example 5.4.4. Here |Re/|<1,| Rew|<1,|Re(A+ u)|<1. 
This extends Problem 11506 from AMM. 


f Inxdx ~hahy( Mek 
0 


(A.270) 


(+x\(b+x7) 2a a 


Example 5.4.5. Here 0<b<aand 
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m/2 
1 
i) —————- do 
> VI-k’ sin’? 0 


1 2 2 
(A.271) pe 12) aye i. Pe = 
+X 


0 


K(= 


Example 5.4.6. Problem 11966 (AMM). Also there 


(A.272) prce a ==(ln 2 - " 
(A.273) { BGs igelt a 
, w\ 18 oy 
An’ 
560) 273 lee 
Example 5.4.7. 
(A.274) jeer a =(-1)"n!C(n+)) 


Example 5.4.8. Problem 1139 from CMJ. 
1 aes tt n-1 

(A.275) (72) dt=n>\(-l)"'s(n-1Lk)¢(n+1-k) 
0 t k=0 


Example 5.4.9. Problem 1117 (CMJ). Here s(v,k) are the Stirling 
numbers of the first kind. 


oO 2 2 
(A.276) ie sech x ye 1 in SO? +n ott 
* a-—tanhx 12 a-l a-l 


(a>1). Example 5.4.10. Problem 11418 (AMM). 
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(A.277) i( Li, © : us ©) es : 


Example 5.4.11. This is Problem 12127 from AMM. 


© In(x* — 2x? +2) 
1 xv¥x’° -1 


Example 5.4.12. Problem 12184 (AMM). 


(A.278) dx =m \n(2+ V2) 


(A.279) J ON 7 feos sin =| 


= e 
: xi +b Ih 2. af “f D 


where 1>0, b>0. In particular, with 2 =0 


{ 1 peep 
a he 2b V2 


0 


Example 5.4.13. Also in this example 
f xsinAx x = i 


Ab 
A.280 = : 
( ) x +b" 7 2b° a2 


0 


oe) 


(A281) f eee __A a== (3 peta sinha 


5 2 2 < 
, sin x x +a a\2 sinha 


Example 5.4.14. Here a>0 and n=1 is an integer. 


1 
| arctan x 


(A.282) dx=G 


x 
0 


Section 5.5. (G is Catalan’s constant). Also there 


1 


(A.283) | ae dx =-G 
eK 
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a/2 


(A.284) mae se 
“ sint 
(A.285) J tia oe 
i cosht 
r In(1-+ x7) 

(A.286a) } de == n2-G 
l+x 2 
riIndli—x?), = 

(A.286b) | —dx ==In2-G 

l+x 4 
Vranaae o# a 
(A.287) | (= a dc==In2-7_+G 
x 4 16 
m/4 F 2 
(A.288) [ ) ae-Zin2 Lee: 
) \sint 4 16 
1 2 
(A.289) | Nem =" eo 6), 
; 2 8 
1 2 

(A.290a) fin pee | S60 
x l+x 2 

Example 5.5.1. Also there 
1=—x* | dx 1 

(A.290b) fin —=—In2. 

‘ x l+x 4 
1 1 1 
(A.291) | —In(1— x’ )arecos x dx = —— 4G 
x 4 


0 


Example 5.5.2. 
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1 
(A.292) {tina + ax)arccos x dx 
x 
0 


figs vba ees 


211, 
2 2 


Example 5.5.3. Here |a@|<1. In particular, with @ =-1 


a 


Indl-x 2) arecos x dx =~ In? el 


i 
1 

(A.293) = 
J x 2 24 


(A.294) dx=7 In(1+ 2) —In Aarctan A + Ti, (A) 


(A >0). In particular, with 2 =1 


(A.295) { ee Te fe =7in2 me 
+X 
0 


Example 5.5.4. 


m/2 


(A.296) } In(1+ tan x) dx = Tin eG 
0 


Example 5.5.5. Also there 


m/4 


(A.297) } In(1+ tan x) dx = zin2 
0 
m/2 

(A.298) i) arcsinh(cos x)dx =G 


0 


Example 5.5.6. Also there 


m/2 


(A.299) i) In(cos x + ¥1+ cos’ x ) dx = 
0 
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V1 dx dy _ 
(A.300) J (l—xy)(1+x)(1+ y) = 


Example 5.6.2. Also there 


(A.301) jul -|-*,- 
(A.302) ie D gp. 

ri dx dy _@ 
ae J J (l+xy)+x)\(l+y) 24 


Example 5.6.3. Also there 


f 2 ax a 
en Jol 2) OA 
(A305) pee) ar == . 
ne iN escrorees esniane 


at Fine! =(in2y -<. 
48 8 


Example 5.6.4. 


log(t) log’ (1-1) > 


(A.307) } a 


= log?(1—A) Li, (1-2) —2log(1-)Li,(I—-) + 2Li,(I-) +. C 


Section 5.7.1. Also there 
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1 : —t gs at 
(A.308) jou, ()a-u,..(4}+c 
(A.309) [ase 


=log(I-ALi,-#)-Li,d-A+C. 


(A.310) (ri) a. 


Hb 


= 2/Li;( t) 6(3)| log(1 pf uina-o+=| 


(0<¢<1). Section 5.7.2. 


we dx dy 
(A.311) oi oe 


- Lites log? 2- a i, 4}- ui(5)| | 


Section 5.7.3. 


(A312) (ee 


x 4 


0 


Section 5.8. Also there 


a+b 


{ sin(ax)sin(bx) — 1 
a—b 


A313 In 
( ) 5 


0 x 


(a,b>0, a#b) 


(A.314) jae cos(bx) 5 : 


0 x 
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(a>b>0) 
co 2: . 
(A315) (pe xSiNX 7 a 
/ x 4 
oo 2n : ~ : 2 
(A.316) jee SIN = fos" a sn) dx 
0 x 0 x 


oo: Qnt+l oo : 2 2 
(A317) [= — a= sin’ a sn) a4 ‘ 
0 


x - x 4"\n 

(A318) fl sina |“ de = [| cosx| > de =1. 
0 x 0 x 

(A.319) fer(4-coths Ja =y(4)-mn 2+ 

i x 2 2 A 


Example 5.9.1. Here Re’ >0. Also in this example 


Taal 1 A+1 A 
A.320 e*(1- Jae [ }-in ’ 
J x  sinhx “ 2 2 
f 1 \a& (423) A 
(A.321) fe*(i- =2in—*~-In 
i coshx / x (#4 4 
4 


Example 5.9.2. 


(A.322) jo diag L@+yl@-y) 
. » cosh" (t) T(2x) 


(Rex >0, Rex >|Rey|) Example 5.9.3. Also there 
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(A.323) { (S0sh yt) 74-27 
, cosh’ (f) sin zy 
(A324) [ee ae ay 
é cosh’ (ft) sinh zy 
20 = 4" 
(A325) (eee dps aay) y) 
) cosh (f) 3sinzy 
oO 2 
(A.326) [esas ga ) 
, cosh" (f) 3sinhzy 
(A.327) (ee cos(2xt) dt = ( ee " H,, (x) 


0 


Example 5.9.4. Here H,(x) are the Hermite polynomials. Also there 


(A.328) [Pre sin(2x1) dt = Oe (x). 
0 
(A.329) lee cos(nx)dx = 21,(A) 


0 


Example 5.9.5. Here J, (A) (n= 0, 1, 2,...) are the modified Bessel functions 
of the first kind. In particular 


(A.330) feta = 1,(A) 
0 
(A.331) femax = i 
0 p=0 4? (p!) 


(A.332) dy = In 


i In(cosh x + sinh x cos y) 
) coshx+sinhxcos y 1+ coshx 


Example 5.9.6. Also in this example 


a 


List of Solved Integrals 


aay, (eee) per (sesh) | 
7 coshx+sinhxcos y 4 


(A.334) 


Example 5.9.7. 


(A.335) 


Example 4.2.6. 


if 


00 


eo} 


0 


sin(x)sin(x + y) a a 


( x—xsinx 


x(x+y) 8 


3 


Heme 1k 
x 2 
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